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Introduction

In 1843, sir R. Hamilton introduced the algebra of the real quaternions in
order to give a geometric interpretation of the 3-dimensional Euclidean real
space. He wanted to replicate what Gauss did with complex numbers and
the Euclidean plane over the real numbers. In this way Hamilton obtained
the 4-dimensional real division algebra Hg = {a + bi+ c¢j+dk | a,b,c,d €
R, i*= j?= k¥ = ijk = -1} (cf. Section 1.2). The key of Hamilton’s work is
the interpretation of the multiplication of the imaginary units as the wedge
product of the canonical basis { 1,7, k } of the 3-dimensional Euclidean space.

Some years later, in [6] J. Cokle introduced new examples of real algebras:
coquaternions, tessarines and cotessarines. The first ones are exactly the real
split quaternions (or paraquaternions), Pg. As for the hamiltonian quater-
nions, a split quaternion q is a linear combination of the form q = a+bi+cj+dk
where the the coefficients a, b, ¢ and d are real numbers and the imaginary
units are such that —i’= j*>= k= ijk = 1 (cf. Section 1.2).

At the beginning, split quaternions were used by physicists for studying
the representations of the Lorentz group (see [2]) and, more recently, for
describing rotations of the Minkowski 3-space, (see [19]). Moreover in the last
decade, split-quaternions have been used in differential geometry for studyng

the parahermitian and paraquaternionic manifolds and the transormations



of the hyperbolic space, (see [13] and [20]). In these last ten years, (see for
example [16]) a generalization of quaternions and split quaternions have been
introduced.

This thesis is essentially divided into two main macrosections, one about
split quaternions and one about integer-valued polynomials over integer split
quaternions.

Let R be a unitary commutative ring. In Chapter 1, taking inspiration

from [16, Chapter III], we define the rings Hy and Py as

Hg={a+bi+cj+dk|a,bc,de R}

Pr={a+bi+cj+dk|a,b,c,de R}

where the relations on i, j, and k are the same as for Hg and Pg, respectively
(cf. Section 1.2). Part of this thesis is devoted to describe properties of the
algebras Pr and, in particular, of Pz, the algebra of split quaternions with
integer coefficients.

At the very beginning of this work we give a representation of Pr as a
subring of the matrix ring M>(R) (see Propositions 1.3.1 and 1.3.4). This
representation simplifies many questions. In Sections 1.4 and 1.5, using the
definitions of bar conjugate, norm and trace of elements of Pr we completely
describe central elements, zero-divisors, units, nilpotent and idempotent ele-
ments of Pz. We prove that Py is an integral extension of R. In particular,
the minimal polynomials of the elements of Pz turn out to be important to
characterize some classes of prime and maximal ideals of the ring Int(Pz) (cf.
Chapter 3). In Section 1.6 we describe the ideal structure of Pz. In particular
we find out that the prime ideals of P are exactly (0), # = (1+ 1,1+ j) and

pPyz, for an odd prime integer p (cf. Proposition 1.6.23). Excepted (0), they
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are also maximal.

In order to deepen the investigation on the ideal structure of P; and,
later, of Int(Pz), we will need to handle the localization of such rings at prime
ideals. While for commutative rings the theory of localization is quite wide
and well-known, the literature about localizations and, in particular, rings of
fractions of noncommutative rings, is not much extended. In Chapter 2 some
of the ideas contained in [15] have been developed so to obtain useful results
about localization of Pz. Since for noncommutative rings the complement of
a prime ideal is not in general a multiplicative closed subset (see Example
2.1.4), it is not possible to build localizations with respect to prime ideals in
the usual way of the commutative case. More suitable sets €' (Q) suggested
by Goldie are used to approach this problem (cf. Definition 2.1.5). We show
that these sets are an example of the so-called denominator sets of [15] (cf.
Section 2.1.2). In Pz the sets Z \ (0), Z ~ pZ (for a prime integer p) and
% (Q) (for a prime ideal @ of Pz) are denominator sets. Using these sets we
obtain the localizations of Pz listed in Proposition 2.2, which are essentially
the rings Pg (which is the total ring of fractions of Pz) and Pz, for a prime

integer p.

Let D be a commutative domain and K its quotient field, the integer-

valued polynomial ring on D is
Int(D) ={f € K[«]| f(D) ¢ D}.

The ring Int(D) and related constructions have inspired much research in
recent decades (see [4]). Recently, integer-valued polynomial constructions
over noncommutative rings and algebras have been investigated. There are

different approaches to this topic. Some authors ([7], [8], [9]) begin with a
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D-algebra A over the commutative domain D, and consider polynomials in
K[x] (where K is the quotient field of D) that map A into A. The set of
such polynomials is a commutative subring of K[x], and this ring may be

studied in much the same way as Int(D).

Another point of investigation ( [9], [22], [23]) is to take any ring extension
A ¢ B and studying the set Int(A) = {f € B[z] | f(A) € A}. Even in the
case A is not commutative, the properties of Int(A) reflect somehow the
commutative case, although the proofs and methods of analysis are quite

different.

In the second part of this thesis we deal with integer-valued polynomials
on Pz, Int(Pz) = {f € Pg[x] | f(Pz) € Pz} (Definition 3.1.2). A relevant
inspiration for this study is the work done by Werner (cf. [22]) about integer-
valued polynomials over the Lipschitz quaternions, Hy. However, since Py
contains nilpotent elements and zero-divisors while Hy does not, the tech-

niques used in this thesis are quite distinct from those used in [22].

The first (and main) difficulty in handling Int(IPz) is based on the fact
that the polynomial evaluation is not a homomorphism. This makes quite
tricky to show that Int(PPz) is a ring (cf. Proposition 3.1.4). Once it is known
that Int(IPz) is a ring, we proceed to investigate the prime and maximal ideal

structure of Int(IPz). Again, localization process assumes a central role.

When D is a commutative noetherian domain and S is a multiplicative
subset of D, it is known that S~'Int(D) = Int(S-'D) [4, Thm. 1.2.3] (in
general there is only the containment S=!Int(D) < Int(S-1D)). This equality
also holds for Int(Pz), as long as S is a denominator set of Pz of the type

7~ pZ, for some prime integer p or p = 0 (cf. Proposition 3.3.1). This fact
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turns out to be very useful to describe some classes of elements and, more
generally, the ring structure of Int(Pz).

For polynomial rings with coefficients in a commutative domain D there
are standard ways to describe some prime ideals of Int(D) (see [4, Chap.
V]). In particular, primes above (0) have the form M (z)- K[z] nInt(D),
where M (x) € K[x] is monic and irreducible. We will find a similar result
for the primes upper to zero of Int(Pz) (cf. Theorem 3.4.22). Then we
proceed with the study of the primes of Int(IPz) containing a prime integer
p: we will partially classify them and find some sufficient conditions for their
maximality.

When [ is a nonzero ideal of D and a € D, it is easily seen that the
set Pro = {f e Int(D) | f(a) € I} is an ideal of Int(D) above I and if I is
prime then B;, is prime too. This kind of prime ideals are used in many
cases to calculate the Krull dimension (i.e., the maximum length of prime
ideals) of Int(D). We will attempt similar constructions for Int(Pz). We will
distinguish the two cases p =2 and p odd prime integer.

In the first case we will find that the primes of Int(Pz) containing 2 are
exactly the ones above the ideal .# = (1+ 1,1+ j) of Pz. For these ideals
the analysis is quite different from the case p odd prime, since .# is not
generated by integers as it happens for pPz. We consider the following sets,

that turn out to be maximal ideals

My = {f e Int(Pz) | f(q) € A},

for suitable q € Pz. The difficulty in working with 901, is not in showing that
it is a maximal or prime ideal, but that it is exactly an ideal. In Section 3.4.3,

we give some partial results of maximality depending on the quaternion q

X



chosen for 9.

To construct primes of Int(IPz) containing an odd prime integer p we need
some adaptations for definitions (cf. Definition 3.4.2) in order to settle the
noncommutative multiplication in Pz. In fact, the analogous of the sets i,
in which . is replaced by plPz, which would be the natural extension of the
case p = 2, are not ideals.

For each q=a+bi+cj+dkePy let C(q):={axbitcj+dk} and I an
ideal of Pz. We define the set

Bra={fet(Pz) | f(p) e for all pe C(q)}.

When q € Z or the ideal [ is generated by an integer n, it is easy to prove
that B, is an ideal and we give conditions for it being a prime ideal (see
Proposition 3.4.3). It is much more complicate to handle the case when
q € Pz N Z. We first study the primality of () in terms of the minimal
polynomial of q (Theorem 3.4.19) and, as already stated above, we completely
classify the primes of Int(Pz) above (0) (cf. Theorem 3.4.22). In Theorem
3.4.40 we give a sufficient and necessary condition for 3,p, 4 being a prime
in Int(Pz) again in terms of minimal polynomials. We prove that, if q =
a+bi+cj+dk and p | ged(b, ¢,d), then P,p, o is a maximal ideal if and only
if the minimal polynomial of q is irreducible modulo p. Moreover, if this is
the case, we have the isomorphism % > My(F,2).

The investigation on the prime and maximal spectra of the ring Int(Pz)
is also central in Chapter 4, where we focus our attention on localization
properties of Int(Pz). In this chapter we initially deal with localization of

Int(R), for a right noetherian (noncommutative) ring R, at a noncentral right

denominator set S without zero-divisors. We generalize Proposition 3.3.1



and prove that Int(R)S~! = Int(RS™!) (cf. Theorem 4.1.2). Our further
researches about the prime spectrum of Int(Pz), start from studying the

commutative ring

Intg (Pz,, ) = { f(z) € Q] | f(Pz,,) € Pz, }

because it is shown that

Int(Py) = ﬂ Intpy (Pz, ).
p primo
Since we show that Intp,(Pz, ) = Int(Pz)(Z \ pZ)~', it follows that the
prime ideals of Int(Pz) can be totally described when one knows the primes of
Intpy (Pz,,). More information about the ring Intp, (Pz(p) ), for an odd prime

p, can be recovered using the matrix representation and the isomorphism

stated in Proposition 4.1.12:

Intp, (PZ@)) ~ M (Int@ (PZ@) )) :

This turns out to be useful since Intg (]P’Z(p)) is a subring of Q[z] and thus
it is commutative. So one can use some classical tools like, for instance, the
ones of [4]. Moreover, to study the ring Int(Pz,) it is possible to follow
the arguments of [17] on the characterization of integrally closed overrings of
Z[X]. In particular we show here that the prime ideals of Int(IPz) above an

odd prime integer are all maximal (Corollary 4.3.5).
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Chapter 0O

Notations and terminology

In this chapter we briefly recall some definitions and notions about ring theory
that will be used throughout the work. We will also fix some conventions
and symbols used in the text. For the notions not recalled here we refer
to [14], [15] and [12]. For convenience, the notions of noncommutative rings

of fractions and noncommutative localizations are recalled later in Chapter 2.

0.1 Classical notations

As usual, we will indicate with the symbols N, Z, Q, R and C the sets of
natural, integer, rational, real and complex numbers respectively. Given an
integer n > 1, we indicate here with Z,, the ring % of the integers modulo n.
To indicate the localization of Z at a prime ideal (p), we use Z,y. The finite
field with g elements is, as usual, F,. When p is a prime number, we will use

interchangeably Z, and [F,,.



0.2 Rings

In the following, unless otherwise specified, with the term ring we will mean
always a nonzero ring with identity. We will specify the commutativity of
multiplication when needed. We indicate the set of nonzero elements of R

with the symbol R* and char(R) indicates the characteristic of R.

Units

An element a in a ring R is said to be right-invertible if there exists b € R such
that ab = 1. Such an element b is called right inverse of a. Left-invertible
elements and their left inverse are defined similarly. If a has both a right
inverse b and a left inverse b’ then b = 0'. In this case we say that a is invertible
or a unit and we call b its inverse. We indicate by U (R) the set of all invertible
elements of R. It is easy to see that U(R) is a multiplicative group with the
identity 1g. A ring where every nonzero element is invertible is said to be a
division ring. Fields differ from division rings only for the commutativity of

multiplication. For this reason, division rings are also called skew fields.

Conjugacy class

We say that two elements a and b of a ring R are (multiplicatively) conjugate
if b = cac™!, for some ¢ € U(R). The multiplicative conjugacy is an equivalence
relation over R. We define the conjugacy class of an element a € R to be the

set

Cog(a) = {cac‘1| ce U(R)},

that is the equivalence class associated to a under multiplicative conjugacy.

In commutative rings the conjugacy classes are clearly singletons.



Center

We recall that given a ring R, the center Z(R) of R is defined as the set
of all elements of R that commute with all other elements of R under mul-
tiplication. Obviously, if R is commutative, then R = Z(R). An element of
Z(R) will be called a central element of R.

Zero-divisors and regular elements

A nonzero element a € R is said to be a left zero-divisor if there exists a
nonzero element b € R such that ab =0 in R. Right zero-divisors are defined
analogously. In the commutative case, obviously, right and left zero-divisors
coincide. For noncommutative rings a left zero-divisor need not to be a right
zero-divisor (for some examples in matrix rings see [14, Chapter 1]). When
an element of R is both right and left zero-divisor, we call it a zero-divisor
tout court. We indicate by D(R) the set of all zero-divisors of R. An element
of R which is not a right zero-divisor is said to be a right reqular element.
Similarly on the left. An element which is regular on the left and on the right
is called regular element. We indicate the set of all right regular elements,
left regular elements and regular elements of R by R,.(R), Ri(R) and R(R)
respectively. Notice that a right-invertible element cannot be a right zero-

divisor. Similarly on the left.

A domain (or integral domain) is a nontrivial ring without left or right
zero-divisor. This means that ab = 0 in R implies that a =0 or b=0. In a

domain every element is a regular element.
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Nilpotent and idempotent elements

An element a € R is a nilpotent element if a™ = 0 for some n € N*. The least
n with this property is the nilpotence index of a. Nilpotent elements are not
regular. A ring without nonzero nilpotent elements is said to be reduced.
Domains, skew fields and fields are reduced rings.

An element a € R is said to be idempotent if a® = a. A regular element
a # 0,1 of a ring R cannot be an idempotent. Domains have only trivial

tdempotent: 0 and 1.

0.3 Ideals

Let be given an additive subgroup .# of a ring R. We say that % is a left
ideal if for each a € £ and r € R then ra € .#. We say that .7 is a right ideal
if for each a € .# and r € R then ar € .#. Lastly, .# is a two-sided ideal of
R if .# is both a left and right ideal. For commutative rings left, right and
two-sided ideals coincide. In a noncommutative ring a left-ideal needs not to
be a right one and wice versa. Take for example the set of all n x n matrices
with entries in a ring R where the last column is zero. This set is a left ideal
but not a right one. From now on, with the term ¢deal we mean always a
two-sided ideal. We can give an equivalent condition for determining if a

subset of a ring R is an ideal.

Proposition A. Let R be a ring. Let & be an additive subgroup of R. Then
J s an ideal of R if and only if r#s< .7, for allr,s e R.

Proof. Suppose that .# is both a left and right ideal. Let a € .# and 7, s € R.

Then ra € .7 since . is a left ideal and (ra)s € .# since . is a right ideal. For

4



the converse, let .# be an additive subgroup of R such that r.#sc . for all
r,s € R. Take a € & and r € R. Then it is easy to see that ar = 1-ar € .# and

ra =ra-1 €% which mean that .# is both a right and left ideal of R. QED

Given a ring R, we call trivial ideals of R the zero ideal (0) = {0} and
R itself. A ring R is said to be simple if it has only trivial ideals. Fields and
skew fields are simple rings. Proposition K gives other examples of simple

rings.

Principal ideals

Given an element a € R, we will indicate by

(a) € RaR = { Z r;08;

i=1

neN*, 1<i<n, Ti,SiGR}

the ideal generated by a. The ideal (a) is the smallest ideal of R containing

a. Similarly, we define the left ideal generated by a to be the set
Ra={ra|reR},

that is the smallest left ideal of R containing a. Finally, we define the right

ideal generated by a to be the set
aR={ar |reR},

that is the smallest right ideal of R containing a. If a is a central element of R
then (a) = aR = Ra. In this case, we will use these notations interchangeably.
A left ideal is principal if it equals the left ideal generated by one of its
elements. The same definition is given for right ideals and ideals. A ring is
said to be a principal ideal ring if all its ideals are principal. In a commutative

ring R, given a € R, it is well known that (a) = R if and only if a e U/(R). In a

5



noncommutative ring the ‘only if’ part is not true in general. In Proposition

1.6.27 we will see an example of this situation.

Finitely generated ideals

We recall now some notions about ideals that are generated by a finite number
of elements. Let R be a ring and let ay,as...,a, € R, for n e N*. We define
the left ideal generated by the a;’s to be the smallest left ideal of R containing

the a;’s. It is the set
Ray+---+ Ray, ={ra;+---+mra,|r;e R, 1<i<n}.

Similarly, we define the right ideal generated by the a;’s to be the smallest

right ideal of R containing the a;’s. It is the set
aR+--+a,R={ayr+--+a,r,|rieR, 1<i<n}.

Finally, we define the ideal generated by the a;’s to be the smallest ideal
of R containing the a;’s. Mutuating the notation used for commutative rings,
it is

(ar,az,...,a,) “ Ra;R + RasR +--- + Ra, R.
The expression of its elements can be very complicated if n is large. When

n =2, then

l m
*
(m&ﬂ={2nm&+2m@% LmeN,nﬁm%%eR}
i1 j=1

In our work we will consider ideals generated by at most two elements.

A left ideal .# of a ring R is said to be finitely generated if there exist
ai,...,a, € . such that .# equals the left ideal generated by the a;’s. Similar
definitions are given for right finitely generated ideals and finitely generated

ideals.



Maximal ideals

An ideal .# of a ring R is proper if % + R.

Definition B. Let R be a ring. A proper ideal .# < R is said to be mazimal
if, for all proper ideal .# such that .#Z c ., then . = .# .

The maximal ideals are the proper ideals not contained in any other
proper ideal of R. Given an ideal .#Z of a ring R, then .# is maximal if and
only if the quotient ring % is a simple ring. In the commutative case this is
equivalent to say that % is a field. Given a ring R, by Zorn’s lemma, it can
be showed that any proper ideal of R is contained in a maximal ideal. For
commutative rings we have also that any noninvertible element is contained
in a maximal ideal. For noncommutative rings this is not true in general. It
can happen that the ideal generated by a noninvertible element a of a ring
R is the whole ring R. In Remark 1.6.28 we shall see an explicit example.
We call the set of all maximal ideals of a ring R the maximal spectrum of R.

A ring is said to be local if it has at most one maximal ideal. We write
that (R,.#') is a local ring for saying explicitly that .# is the maximal ideal
of R.

Prime ideals

Another important class of ideals of a ring are the prime ideals.

Definition C. Let R be a ring. A proper ideal & of R is prime if given
a,b € R such that aRbc &2, then ae & or be X.

Often, it is useful the following equivalent definition of prime ideals.

7



Proposition D. [12, Proposition 3.1] Let R be a ring and let & be a proper
ideal of R. Then & is a prime ideal if whenever & and ¥ are ideals of R
such that 7 ¢ &, then either & ¢ & or ¢ ¢ .

We recall a property of prime ideals that is well-known in the commutative

case.

Proposition E. [12, Proposition 3.2] Let R be a ring. Then every maximal

ideal of R is a prime ideal.
A characterization of prime ideals follows. For a proof see the reference.

Proposition F. [12, Proposition 3.1] Let R be a ring. Let & be a proper
ideal of R. Then & is a prime ideal of R if and only if in % the trivial ideal

(0) is a prime ideal.

We call the set of all prime ideals of a ring R the prime spectrum of R

and indicate it by Spec(R).

0.4 Modules over rings

For the notion of left (or right) module over a ring we refer to the bibliography
[14], [15] and [12]. We will recall here what is needed for our purposes.

As usual, we will use the left notation g M for indicating a left module M
over a ring R. For the right notation we use Mg. The left and right module
over a commutative ring coincide. In the following we use the left notation;
for right modules similar definitions and properties are given.

A free left module gkM over a ring R is a module with a basis over R,

i.e. an R-linearly independent generating set E c R. If E is the finite set

8



E={ey, e, ..., ey}, we write that M = Re; & Rey @ --- ® Re,,,. When the
number m is an invariant of M, we call it the rank of M, rank(M). Since
the commutative rings have the invariant basis number property, the rank of
a module over a commutative ring is well defined.

Given a ring R and a finite set of indeterminates X = { 1, o, ...,z }
(that we always assume to be independent over R), the free left module
generated by X over R is the set M = Rx1 ® Rro @ --- @ Rx,,. Its elements
are the formal linear combinations of the elements of X with left coefficients
in R. We equip this R-module by the obvious operations. In particular, if R

is commutative, X is a basis for M and rank(M) = m.

0.5 Algebras over rings

We recall now some notions about algebras over rings. An algebra A over
a ring R is an R-module rA equipped by a binary operation, called the
multiplication of A, which is bilinear over R. This means that, given any
a,be R and x,y,z € M, then (ax + by)z = a(zz) + b(yz) and z(ay + bz) =
a(zy) +b(xz).

If the multiplication defined over A is associative we say that A is an
associative algebra. Since we will work here only with associative algebras,
from now on, with the term algebra we mean associative algebra. Similarly,
if the multiplication of A is commutative, we call A commutative algebra.

If A contains a multiplicative identity, we say that A is a unitary algebra
or an algebra with identity. The most of algebras considered here are unitary.

Given a unitary algebra A, if we focus only on the addition and multi-

plication between elements of A, we get a ring to whom we refer as the ring



structure of A. In this way, looking at the ring structure of the algebra, we
can borrow the notions introduced for rings. The center Z(A) of an algebra
A is the center of its ring structure. The (left or right) zero-divisors, the (left
or right) regular elements of A are obviously defined. We say that A is a
division algebra if A is a unitary algebra where every nonzero element has
a multiplicative inverse. Then, a division algebra is an algebra whose ring
structure is a division ring. The set of all invertible elements (units) of A is
denoted by U(A).

An R-algebra A is said to be finite if A is finitely generated as an R-
module. This means that A = Re; ® Res ®---® Re,,, for some eq, e, ..., €, €
A. Using the same definitions as in module theory, we speak of linear inde-

pendence, basis, rank etc. for algebras.

Algebra homomorphism

A homomorphism between two R-algebras A and B is a map f: A - B such
that, for all a € R and x,y € A, we have f(ax) =af(z), f(x+y) = f(x)+ f(y)
and f(xy) = f(x)f(y). Roughly speaking, an algebra homomorphism is
an R-linear R-module homomorphism that preserves the multiplication too.
Moreover, since we work with unitary algebras, we suppose that every algebra
homomorphism f: A - B preserves the units; that is to say f(14) =15. A
bijective algebra homomorphism is an algebra isomorphism. An isomorphism

of an algebra into itself is an algebra automorphism.

An anti-automorphism f of an algebra A is an algebra isomorphism from

A to the opposite ring structure A°P associated to A. Briefly, for all a,be€ A,
then f(ab) = f(b)f(a).

10



Polynomial evaluation

Taken r € R, we define the evaluation at r to be the map ®, : R[z] - R,

such that ®, : f(z) = Xl ga; a7~ f(r) = Tiga;r.

Proposition G. Let r € R. Then ®, is a ring homomorphism if and only if
reZ(R).

In particular, if R is commutative, then ®, is a homomorphism for any
reR.

We say that r € R is a root of the polynomial f(x) € R[z], if f(r) =0. The
division with remainder and the relation of divisibility between polynomials

ar defined as usual.

Proposition H (Ruffini). Let f(z) € R[x] and r € R. Then r is a root of
f(x) if and only if f(x) is in the left ideal R[z](z —1).

0.6 Noetherian rings

We say that a ring R is left noetherian if the left ideals of R are finitely
generated. A ring R is right noetherian if the right ideals of R are finitely
generated. A ring R is said to be noetherian if it is both left and right
noetherian. Obviously, in a noetherian ring all ideals are finitely generated.
In general, the notions of left and right noetherianity do not coincide. Take
for example the upper triangular 2 x 2 matrices with entries in Q where the
(1,1) entry is in Z. This set is a right but not left noetherian ring.

We state a result that is a sufficient condition for of an algebra over a

ring being noetherian.
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Proposition I. [12, Proposition 1.6] Let R be a commutative noetherian

ring. Let A be an R-algebra finitely generated. Then A is a noetherian ring.

Thus, for instance, the algebras finitely generated over Z are noetherian
rings. This is the case of the ring of the squared matrices with integer entries

of any order.

0.7 Matrix rings

Given a ring R and a positive integer n, we will indicate by M, (R) the
R-algebra of the squared matrices of order n with entries in R. The identity
matriz of order n will be indicated by I,,. We will call scalar matrices those
matrices of the form al,, where a € R. The notions of determinant (det) and
trace (tr) of a squared matrix over a commutative ring are defined as usual.

Let us indicate by E;;, for all 1 <4, j < n, the matrix whose (¢, j)-entry is 1
and all other entries are 0. It is clear that { F;; | 1<, j <n } is a generating
set for M, (R). We will call the E;;’s the matriz units. A matrix A =
(aij) € M,(R) is said to be diagonal if a;; = 0 for all i # j. Often, for
simplicity, a diagonal matrix A of order n is written as a vector of length n:
A =diag(aq, az, ..., a,).

We recall here the following crucial properties of matrix rings since we
will use them throughout this work. The first one regards the center of the
matrix ring: this is made by all scalar matrices with entries in the center of

the coefficient ring.

Proposition J. Let R be a ring and M,,(R) be the ring of n x n matrices

over R. Then the center of M, (R) is made by all scalar matrices al, with
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a€ Z(R). In particular, if R is commutative, the center of M, (R) is the set

of scalar matrices.

Proof. Tt is immediate to see that, given a € Z(R), then al, € Z(M,(R)).
Let us show the other inclusion. Let A = (a;;) € Z(M,(R)). The matrix
E;; A is the matrix that has the same i-th row as A and all other rows are
zero. Similarly, the matrix AFE;; is the matrix that has the same i-th column
as A and all other columns are zero. Since A is a central element, then
E;A = AE;;, for each 1 < i < n. This implies that A = diag(ai1, ..., anm)
is a diagonal matrix. Moreover, for all 1 < 4,5 < n, we have the identities
AFE;; = a;;E;; and EjjA = aj;E;;. Since A is central, then a;; = aj;, for all
1< 14,5 <n. This means that A = al,, for some a € R. Finally, A commutes
with B = bl,, for all b€ R. Then from the identity (al,)(bl,) = (bl,)(al,),

for all b € R, we conclude that a € Z(R). Our proof is now complete. QED

The next result deals with the ideal structure of matrix rings. We will

see that it is not true in general for left or right ideals.

Proposition K. Let R be a ring and M, (R) be the ring of n x n matrices
over R. Then any ideal & of M,(R) has the form M,(I) for a uniquely

determined ideal I of R. In particular:
(i) if R is a simple ring, so is M, (R);

(i1) if R is a commutative principal ideal ring, then M, (R) is a principal

ideal ring;

(111) if (R, M) is a local ring, so is (M, (R), M,(M)).
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Proof. If I is an ideal of R, clearly M,,(I) is an ideal in M,,(R). Moreover,
taken two ideals I and J in R, it is also clear that I = J if and only if
M, (I) = M, (J). Now let . be an ideal of M,,(R) and let I be the set of
all the (1,1)-entries of the matrices contained in .#. It is easy to see that [
is an ideal in R. The last step is to show that .# = M,,(I). Using the matrix

units E;;, given any matrix M = (m;;) € M, (R), we have the identity:
EijM Ey = mjpEy. (0.1)

Assume M e .#. Taking i = [ = 1, by the (0.1), we have that m;,Ey; € &,
and so mj, € I, for each indexes j and k. Thus .# ¢ M, (I). Conversely,
take a matrix A = (a;;) € M, (I). We must show that A € .#. It is enough to
show that a; F; € & for all ¢ and [. Using the equation (0.1), find a matrix
M = (my;) € & such that a; = myy. Then for j = k = 1, the relation (0.1)
gives a;Fy = mi1 By = ExMFEy € . The first statement of the theorem is

now clear. Let us show the remaining facts.

(i) If R has no nontrivial ideals, then in M,,(R) it is impossible to have

nontrivial ideals.

(ii) Let R be a principal ideal ring. Let .# be an ideal of M,,(R). Then
there exists an ideal I of R such that .# = M,,(I). Since I is a principal
ideal, then I = aR, for some a € R. Thus any element of .# has the
form aA, for some A € M,,(R).

(iii) Let (R, M) be a local ring. We first show that .# = M, (M) is a
maximal ideal of M,,(R). It is easy then to show that it is the only
one. Let .# be a proper ideal of M, (R) such that .#Z c .#. Let I be
the ideal of R such that .# = M, (I). Since R is local, then I ¢ M

14



and M,,(I) € M,(M). Thus £ ¢ #. Finally & = # and A is a
maximal ideal. QED

The previous result is not true in general for ideals that are only right or
left ideals. For instance, take a ring R. Let S be the set of all n x n matrices
over R where the last column is made by zeros. It is easy to see that S is a
left but not right ideal of M,,(R). If S = M,,(I), for some ideal I of R, then
lel. Thus I = R and S = M,,(R), which is a contradiction.
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Chapter 1

Algebra of split quaternions: Py

In this chapter we deal with a particular class of noncommutative Z-algebras,
the generalized quaternion algebras and in particular with the integer split
quaternions Pz. We first study some classes of its elements: zero-divisors,
central elements, units etc. Then we completely describe prime and maximal
ideals of P;. In Chapter 2 we will analyze some localization properties of the
same ring. In Chapters 3 and 4 we will focus on the ring of integer-valued

polynomials over these algebras.

1.1 Generalized Quaternion Algebras

Generalized quaternions and quaternion algebras have been introduced in the
last decade as a tool for studying quadratic form theory. This construction is
essentially a natural generalization of Hg, the well-known quaternion algebra
over the real numbers introduced by sir Hamilton.

In [16, Chapter III] Lam works with quaternion algebras with coefficients

over an arbitrary field of characteristic distinct from 2. More generally, pre-
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serving Lam’s notations, we will consider here quaternion algebras over a
commutative integral domain with characteristic different from 2.

We start giving the main definition.

Definition 1.1.1. Let D be a commutative integral domain of characteristic
not two. Let a, 5 € D*. We define the quaternion algebra (Q—DB) over D to be

the D-algebra with two generators i and j with the defining relations
i’ =q, =0, ij=-ji (1.1)
For simplicity let k = ij. Then we have

12 = (1§)(i)) = - 1%§° = ~ap. (1.2)

We say that two elements a,b in a ring R anticommute if ab = —ba. We state

the following result.

Proposition 1.1.2. With the notation introduced above, any two elements

of { 1,4, k} anticommute. Moreover the algebra (O‘Tﬁ) s a noncommutative

unitary algebra (finitely) generated by 1, 4, j and k over D.

Proof. By (1.1) iand j anticommute. By means of easy calculations, we get:
ik =-ki=aj, kj=-jk=71i, (1.3)

this assures the other anticommutativity relations. Finally, the (1.1) say us

that 1, i, j and k are generators of (Q—DB) over D. QED

We are ready to show that {1,1i, j, k} is a D-basis for (O‘Tf”) We will
adapt the proof of [16, Proposition III.1.0] to the case of a commutative

integral domain D with char(D) # 2.
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Proposition 1.1.3. With the notation above, {1, 1, §, k} is a D-basis for

(O‘,ﬁﬁ) In particular rankp (%) -4,

Proof. Let K be the quotient field of D and let F be the algebraic closure
of K. Notice that also char(E) # 2. Fix o/,’ € E such that (a/)? = -«
and (8)% = 8 and consider the two matrices M = ( %, ¢") and N = (p(a)’ %,) in

My (E). By direct computations one gets:

M?=al,,  N%=BI,  MN = (af’ _QO,B,) - _NM. (1.4)

We show that the matrices I, M, N and M N are linearly independent over

E. For seeing this, take some a,b,c,d € E such that

aly 4 bM +eN sy <[ O e (00}
-ba/ + ¢ a—-da'f’ 0 0
Since F is a field of characteristic different by 2, this matrix equation implies
that a=b=c=d=0.

Let ¢ be the map such that (1) = I, p(i) = M, ¢(j) = N and ¢(k) =
MN. Now extend ¢ linearly over D to the elements of (%) Thanks to
(1.1), (1.2), (1.3) and (1.4), we get that ¢ (O‘Tﬁ) - My(E) is a well-defined
D-algebra homomorphism. In fact, taken q=a+bi+cj+dke (a—bﬁ), for our
assumption, ¢(q) = aly + bM + ¢N + dM N which is an element of My(FE).

Further, ¢ is D-linear by definition. Moreover, it preserves the multiplication

since it behaves well with the generators:
p(1)) = (k) = MN = o(i)e(J),

e(ji) = o(-k) = -p(k) = -MN = MN = o(j)e(i).
The other rules of multiplication of generators can be obtained similarly.

Suppose now that the generators 1, i, j, k of (a—Dﬁ) are D-linearly dependent.
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Then a+bi+cj+dk =0, for some a,b,c,d e D. Since ¢ is a homomorphism,
then @(a+bi+cj+dk) = aly +bM +c¢N +dMN = 0. As we said above,
Iy, M, N and M N are linearly independent over F, thus a =b=c=d = 0.
Then { 1,1, j, k } is a basis of (Q—DB) Since D is a commutative domain, it

has the invariant basis number property and rankp (%ﬂ) =4. QED

Thanks to Proposition 1.1.3, we can state that every element q € (a—lf) is
of the form

q=a+bi+cj+dk,

for some coefficients a,b,c,d € D. Moreover, we have that
q=a+bi+cj+dk=0

if and only if a =b=c=d =0. Lastly, we can explicitly write that

(Oé,Tf)={a+bi+cj+dk|a,b,c7deD, i=a,j’=081ij=-ji= k}.

When D is a field, we come back to the definition given by Lam at the
beginning of Chapter III in [16]. Then (a—DB) is a vector space over D and we

will say that (%3) has dimension 4 over D.

1.2 Quaternions and Split quaternions

Now, we simplify the above notation for the rings we will use in the following.
In Definition 1.1.1, if we take o = = =1 and D = R, we obtain exactly

the algebra of real quaternions introduced by Hamilton, Hg. Similarly, we

set Hg = (%) the ring of rational quaternions and Hy ' (%), the

ring of integer or Lipschitz quaternions. The following containments hold:

RCCCHR andHZc]H[QcHR.
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More in general we use the following notation.

Notation 1.2.1. Let D be a commutative integral domain with char(D) # 2.
Then, with the notation introduced above,

-1,-1
HDdéf(’T)z{a+bi+cj+dk|a,b,c,deD, i’=j’=k'=ijk=-1}.

In the Definition 1.1.1, taking a« = -1, § =1 and D = R, we get the

algebra of Cokle’s real split quaternions. For simplicity, we set Pg & (%)

Similarly, we indicate Hg f (%), the ring of rational split quaternions and

Hy < (%), the ring integer split quaternions. The following containments
hold: R c C c Pg and Pz c Pg c Pg.

As for quaternions, we introduce the following notation.

Notation 1.2.2. Let D be a commutative integral domain with char(D) # 2.

Then, with the notation introduced above,

-1,1
IP’Dd:ef(T’):{a+bi+cj+dk|a,b,c,deD, -iP= =k =ijk=1}.

More generally, imitating Notations (1.2.1) and (1.2.2), one can define
quaternions and split quaternions with coefficients over any commutative
ring R where the relations between i, j and k are the same as for Hg and

Pr respectively.

Definition 1.2.3. Let R be a commutative ring. We define the set of quater-

nions with coefficients in R to be the set
Hr = {a+bi+cj+dk|abcdeR, i*=j =k =ijk=-1}
and the set of split quaternions with coefficients in R to be the set
Pr={a+bi+cj+dk|abcdeR, -i’=j7=k"=ijk=1}.
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Similarly to the case when coefficients are taken in a commutative domain,
we can state the following about Pr and Hpg, for a generic commutative

ring R.

Proposition 1.2.4. Let R be a commutative ring. With the definitions given

above, Hgr and Pr are R-algebras.
Proof. 1t is a direct calculation. QED

In particular, we will see in Proposition 1.4.4 that Py is noncommutative
unless R has characteristic 2.
As we did above for generalized quaternions over a commutative domain,

we point out the following fact that we will use throughout this work.

Proposition 1.2.5. An element q=a+bi+cj+dk of Hg or Pgr is zero if

and only ifa=b=c=d=0.

Proof. We will work with Hpg; for P one can argue in the same way. For
proving the thesis, we first build Hy explicitly. Let 1, i, j and k be indeter-
minates linearly independent over R. Call F' the free R-module generated
by 1, i, j and k over R. As usual we identify Og with O and, for simplicity,
the generator 1 with the unit of R. Thus we get FF= Re Ri® Rj® Rk. Its
elements are the R-linear combinations of 1, i, j and k. Clearly, by defini-
tion, if a + bi+cj+dk € F is zero, then a = b =c=d =0. The R-module
F' can be turned into an algebra if we say how to multiply the generators.
For building Hy we set i = j> = k* = -1 and ij = -ji = k (for Pg use
instead —i* = j> = k* = 1 and ij = —ji = k). Extending this relations lin-
early over R, we obtain the algebra Hz. The linear independence over R of

1,1, j and k is still true in Hp since the ring structure built on F' does not
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effect the R-module structure. Similar considerations give the thesis also for

Pp. QED

It is important to notice that i, j and k are invertible elements in both

Hpz and Py as it is shown here after.

Proposition 1.2.6. With the notation above, the elements i,j and k are

units in both Hg and Pg.

Proof. As regards Hy we have that i ' = -1, j'=-jand k' =-k. In Pp
instead we have that i '=-1, j'=jand k' = k. QED

From Proposition 1.2.6, since i, j and k are units, it makes sense to give

the following definition.

Definition 1.2.7. With the notation above, we refer to 1, i, j and k as the

basis units of Hi and Pg.

While the expression of a general element of the two rings Hi and Pg
is the same, there are important differences between the two rings. For
instance, the defining relations on the basis units imply that jk = i in Hg,
while jk = —iin Pg. Thus, the two rings have different multiplication tables
if char(R) # 2. Moreover, the Lipschitz quaternions Hy are a subring of the
division ring Hg (which is contained in the classical Hamiltonian quaternions
Hg). Consequently, Hz contains no zero-divisors. However, Pz contains zero-
divisors and nilpotent elements. For example, in Pz we have (1+j)(1-j) =0
and (i+ j)?=0.

In the following we focus on split quaternions, Pr. We start describing

deeply this ring and its properties.
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1.3 Matrix representation
There is a matrix representation for split quaternions.

Theorem 1.3.1. Let R be a commutative ring such that 2 € U(R). Then
Pr ~ Ms(R) as R-algebras.

Proof. Consider the map ¢ : P > My(R) defined by

a+d b+c
pra+bi+cj+dk — (1.5)
c-b a-d

and ¥ : My(R) — Py defined by
a b

(o —
c d

[(a+d)+(b-c)i+(b+c)j+ (a-d)k]. (1.6)

DO | —

It is straightforward to check that ¢ and v are inverse functions of each
other. It is also immediate to see that they are R-linear. The two bijections
¢ and ¢ determine a correspondence between an R-basis of Pr and one of
Ms(R). More precisely we have: 1 < ({9), i< (%3), j< ($}) and
k < (§9). It can be easily calculated that ¢ preserves the multiplication
between i, j and k. Then ¢ preserves the product of elements of Pr and

does as well. QED

Remark 1.3.2. When 2 is not invertible in the ring R, Theorem 1.3.1 does
not hold. For example, we have that Pz ¢ My(Z). In fact the integer
square matrix (§3) corresponds to the rational split quaternion W ¢

Pz. Nevertheless, when R is a domain with char(R) # 2, we may use the

(injective) map ¢ to see that Pr ¢ Ms(R).
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Remark 1.3.3. In Theorem 1.3.1, the condition on the characteristic of R
is necessary. For instance, Pz, is a commutative ring with 8 elements and
it cannot be isomorphic to a subring of Ms(Z,), whose center contains just

two elements.

The next proposition shows the proper subring of Ms(Z) isomorphic

to Py.
Theorem 1.3.4. Let A< Ms(Z) be the set

AY{(2b) | a=d, b=c (mod. 2)}.
Then we have that A ~Py.

Proof. For proving the isomorphism we use again the maps ¢ and v of
Theorem (1.3.1). We need just some light modifications. If we consider
¢ : Py > M3(Z), it is easy to understand that Im(y) = .A. This implies that
A is a subring of My(Z). We will work with the reduction ¢’ : Pz — A.
Because of the definition of the ring A, the restriction ¢’ : A - Pz is also
well defined. It is clear that ¢’ and ¢’ are Z-linear, invertible and that they

are inverse functions of each other. Our proof is now complete. QED

1.4 Bar conjugation, Norm and Trace.

The following definitions will be given simultaneously for quaternions and
split quaternions with coefficients in any commutative ring. We will specify

the differences between the two cases soon afterwards.

Definition 1.4.1. Let R be a commutative ring. Given q=a+bi+cj+dke

Hpg or Pr, we say that a,b, ¢, and d are the coefficients of q. In particular we
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call a the real part of q and bi+ cj+ dk the imaginary part of q. We define

the bar conjugate of q to be

def

q=a-bi-cj-dk,

that is the element with the same real part of q and its opposite imaginary

part.

It is well-known that the bar conjugation is an anti-automorphism of the
ring Hg. This is true in general for Hg and Pg, for any commutative ring R.

More precisely we have the following result whose proof is straightforward.

Proposition 1.4.2. Let R be a commutative ring. Take q and p both in Hg
or Pr. Then:

(i) d=q;
(1) G+ P =q+D;
(iit) ab =DT;
(iv) q+qe€R;
(v) qq e R.
We can state this simple result for central split quaternions.

Proposition 1.4.3. Let R be a commutative ring and let ¢ = a+bi+cj+dk e

Pr. Then the following are equivalent:
(Z) qe Z(PR)f

(1) q commutes with both i and j;
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(iii) 2b=2c = 2d = 0;

(i) q=1.
Proof. (i)=(ii) is obvious.
(ii)=(i) We have that qk =qij = iqj = ijq = kq. So ¢ commutes with k
too. Since q commutes with the generators of Pg, we have q € Z(Pg).
(ii)<>(iil) @ commutes with both i and j if and only if 0 = qi- iq =2dj-
2ck and 0 =qj- jq=2di+2bk. This is equivalent to having 2b = 2¢ = 2d = 0.
(iii)«<>(iv) Note that q—q=2bi+2cj+2dk. So q=q< q-q=0<2b=
2¢ =2d = 0. QED

Thanks to Proposition 1.4.3 we can calculate the center of Py for some

classes of rings R.

Proposition 1.4.4. Let R be a commutative ring. If char(R) = 2 then

Z(Pgr) = Pg, that is Pg is a commutative ring.

Proof. The non obvious inclusion (P ¢ Z(Pg)) follows from Proposition
1.4.3. In fact, since 2-15 =0, for all q=a+bi+cj+ dk € Pr we have that
2b=2c=2d =0, so qe Z(Pg). QED
Proposition 1.4.5. Let R be a commutative ring. If 2 is not a zero-divisor,

then Z(Pg) = R.

Proof. We only show the nontrivial inclusion Z(Pg) ¢ R. Take a central split
quaternion q =a+bi+cj+dk. By Proposition 1.4.3, we have that 2b=2c =
2d = 0. By hypothesis, 2 is not a zero-divisor, then b=c=d = 0. QED

The previous results (Proposition 1.4.3 — Proposition 1.4.5) about central
elements are also true for quaternions with coefficients in a commutative ring

(Hg). The proofs are analogous.
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Remark 1.4.6. When Pg is isomorphic to a full matrix ring (see Section
1.3), one can obtain Proposition 1.4.5 as a corollary of Proposition J. In fact,

in this case the center of Ms(R) is isomorphic to R itself.

Remark 1.4.7. The hypothesis on the characteristic of R is essential in
Proposition 1.4.5. If char(R) is nonzero and even, then in P there can be
central elements with a nonzero imaginary part (let us call them nontrivial
central elements). For instance, if char(R) = 2n # 0 and R has more than
two elements, then a +ni+nj+nk is a central element for any a € R, as a

direct calculation can show.

For our future purposes, it is the worth summing up the previous facts
about central elements in the next corollary that states that scalar elements

are central.
Corollary 1.4.8. Let R be a commutative ring. Then R < Z(Pg).

Sometimes, when R = Z(Pg), we call central the elements of R for mean-
ing that they are scalars of Pg, that are elements with zero imaginary part.
The next notions of trace and norm are introduced in [16, Chapter I11.2]
for generalized quaternions over fields. For our aims, we will give the fol-
lowing definitions for quaternions and split quaternions with coefficients in

commutative rings. When needed, we will distinguish the two cases.

Definition 1.4.9. Let R be a commutative ring. Let q be an element of Hg

or Pr. We define the trace of q to be T(q) = q+¢q and the norm of q to be

N(a) = qq
We prove immediately the following statements.

28



Proposition 1.4.10. With the notation above, let q=a+bi+cj+dk e Hg.
Then T(q) =2a and N(q) = a® + b% + ¢? + d?.

Proof. 1t is easily proved by direct calculation. QED
Similarly, for split quaternions we have the next one.

Proposition 1.4.11. With the notation above, let q=a+bi+cj+dkePg.
Then T(q) =2a and N(q) = a? +b% - ¢? - d?.

Proof. Tt follows by direct calculation. QED

Proposition 1.4.11 explains why split quaternions are called this way. This
is because their norm splits in a positive and a negative part.

It is convenient to state this immediate property.

Proposition 1.4.12. Let R be a commutative ring. Let q=a+bi+cj+dke
Hg or in Pg. Then T(q) = T(q) and N(q) = N(q).

Proof. 1t follows immediately by calculation. QED

The norm and the trace of a split quaternion are, respectively, the deter-
minant and the trace of the matrix associated under the matrix representa-

tion. More precisely, we have the following result.

Proposition 1.4.13. Let R be (any) commutative ring and let ¢ : P —
My (R) defined as in (1.5) of Proposition 1.3.1. Let q € Pg. Then T(q) =

tr(¢(q)) and N(q) = det(p(q)).

Proof. 1t is straightforward. QED

We generalize here a well-known result true for real quaternions: the norm

is multiplicative. We will often use this fact in the following.
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Proposition 1.4.14. Let R be a commutative ring. Let q,p € Hir or Pg.
Then

N(ap) = N(q) N(p).
Proof. N(qp) =qp(qp) =appq=9qN(p)q=N(q)N(p). QED

Given a division ring K, its center F' results to be a field. We say that
an element a € K is algebraic over F' if there exists a nonzero polynomial
f(x) € F[z] such that f(a)=0. The monic polynomial of least degree with
this property is called the minimal polynomial of a over F. If every a € K is
algebraic over F' we say that K is algebraic over its center.

In the same way, given a commutative ring R, we can give the notion of
algebraic elements of Hg and Pg over their centers. In particular, it results
that Hg and Pg are algebraic extensions of the ring of coefficients R (which
is contained in the center of both Hp and Pg). We will prove this by using

the norm and the trace defined above.

Proposition 1.4.15. Let R be a commutative ring. Let q be an element of

Hpg or Pgr. Then q is a root of the quadratic polynomial
2* - T(q)x+N(q) € R[x].

Proof. From the relation q = T(q) — q, we obtain that ¢ = (T(q) - q)q =

T(a)a-qq=T(q)qg - N(q). QED

For both quaternions and split quaternions, it makes sense to give the

following definition.

30



Definition 1.4.16. Let R be a commutative ring. Given q € Hpg or in Pg,
we define the minimal polynomial of q to be
r—-q ifqe R

mq(x) =

22-T(q)z+N(q) ifq¢R.

Remark 1.4.17. In Definition 1.4.16 there is a relevant difference between
the quaternion and split quaternion cases (while the definitions and the prop-
erties we analyzed until now are similar). It happens that the minimal poly-
nomial over R of a real quaternion is an irreducible polynomial, instead for

real split quaternions this is not true in general.

Proposition 1.4.18. Let q € Hg. Then the minimal polynomial mq(z) €

R[z] is irreducible over R.

Proof. If q € R, by Definition 1.4.16, mq(x) is linear so irreducible over R.
Let q =a+bi+cj+dk ¢ R be now a noncentral quaternion. We recall
that N(q) = a? + b2 + ¢? + d? (see Proposition 1.4.10). So the discriminant of
its minimal polynomial mq(x) = 22 - T(q)x + N(q) is A = T(q)? -4N(q) =
—4(b? + 2 +d?) < 0. This means that mq(x) is an irreducible polynomial over

R. QED

For split quaternions the previous result is not true in general. In the

following remark we give some examples.

Remark 1.4.19. Let q=a+bi+cj+dk € Pg be a real split quaternion.
Let mq(z) be its minimal polynomial. The discriminant of the minimal

polynomial becomes

A=T(q)*-4N(q) = -4(V* - - d&*)
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which can equal any real value: zero, positive or negative. This implies that
the minimal polynomial of a real split quaternion can be irreducible (as for
quaternions), reducible or in some cases, the square of a linear polynomial.

For example we have that i is a root of the irreducible polynomial z2 + 1
but j and i+ j are respectively roots of the polynomials 22 — 1 and 22, both
reducible over R.

It may sound strange to call minimal a polynomial that is reducible. Here
we are forced to do so since no real split quaternion with nonzero imaginary

part can be a root of a linear polynomial belonging to R[z].

Let K be a noncommutative division ring and let a,b € K be algebraic
over Z(K). A well known result by E. Dickson states that a and b are
conjugate in K if and only if they have the same minimal polynomial over
Z(K), see [14, Theorem 16.8].

For split quaternions something similar is true.

Proposition 1.4.20. Let R be a commutative ring. Let q and p be conjugate
i Pg. Then p and q have the same norm and trace. In particular p and q

share the same minimal polynomial.

Proof. Let N and T be the norm and trace of q. Let p = ¢qc™t, for some
invertible ¢ € Pr. We have:
N(p) =N(eqc™)

= cqc™ (eqe™)

= cqc e lge

= N(¢)"" N(g) N(¢)
= N(q).
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As regards trace we have:

T(p) = T(cqc™)

| L
= cqc +(cqmc)
_ 1 z

(c

= ch_l + E(_] N—)

= cqc_1 + cc_;[c_1
=c(q+q)c

=T(q).
QED

Remark 1.4.21. The converse of Proposition 1.4.20 is not true in general.
We have that j and k in Pz have the same norm and trace and they are
both root of 2 + 1 € Z[z]. Nevertheless they are not conjugate in Pz. If it
were so, we would have jq = qk, for some q=a+bi+cj+dkelU(Pz). By
calculation one gets: a = —b and ¢ = d. Since q is supposed to be invertible

in Pz, we must have N(q) = 2a? — 2¢? = £1, which is impossible in Z.

1.5 Units, zero-divisors, idempotent and nilpo-
tent elements of Py

In what follows we use norm and trace defined in Section 1.4 in order to
characterize units, zero-divisors, idempotent and nilpotent elements of Pg.
Since Pg is in general a noncommutative ring, we should distinguish left
zero-divisors by right ones. The same should be for right and left-invertible
elements. Nevertheless, we will see in the following that in Pz we can avoid

the side specification.
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We give now a characterization for units.

Proposition 1.5.1. Let R be a commutative ring. Let q € Pg. Then the

following are equivalent:
(i) q is right-invertible with right-inverse ﬁ(_l;
(i1) q is left-invertible with left-inverse NS
(i7i) N(q) eU(R).

Proof. We will prove only (i)<>(iii). The equivalence (ii)<>(iii) is similar. If
qp = 1, for some p € P, since the norm is multiplicative, we have N(q) N(p) =
1. This means that the norm of q is invertible in R. For the converse,
suppose that N(q) is invertible. By calculation one can see that ﬁq is a

right-inverse of q. QED

Since Proposition 1.5.1 assures that right-invertible elements are also left-
invertible and vice versa, it makes sense to consider U (IPg), the set of invert-

ible elements of Pr. We give the following immediate corollary.

Corollary 1.5.2. Let R be a commutative ring. Let q € Pr. Then q € U(Pg)
if and only if N(q) is invertible in R.

In particular we have the following statement.

Corollary 1.5.3. Let k be a field. Then
UPr)={qePy | N(q)#0}.

Moreover,

U(Pz)={qePz | N(q)==+1}.
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In literature, for instance see [14, Example 1.1], it is known that

U(HZ) = Qs

the group of the eight quaternions. The unit group of Pz is instead an
infinite group. We can state something more general for split quaternions

with coefficients over commutative rings.
Proposition 1.5.4. Let R be an infinite commutative ring. Then U(Pg) is
an infinite group.

Proof. Let a € R*. Then consider the split quaternion q = 1+ai+aj. By
Corollary 1.5.2; since N(q) = 1+ a? - a? = 1, we have that q is invertible.
Since there infinitely many elements in R, there are infinite such invertible

elements in Pg. QED

The following result characterizes the zero-divisors of Pg.

Proposition 1.5.5. Let R be a commutative ring. Let q € Pg. Then the

following are equivalent:

(1) q is a left zero-divisor;

(ii) q is a right zero-divisor;
(111) N(q) is a zero-divisor in R.

Proof. We will prove only (i)<>(iii). The equivalence (ii)<>(iii) is similar
since qq = qq, for any q € Pg. If q is a left zero-divisor, then there exists a
p € Pg such that qp = 0. Then N(qp) = N(q) N(p) = 0, which means that
N(q) is a zero-divisor in R. For the converse, suppose that N(q) is a zero-
divisor in R. Then N(q)a = 0, for some a € R. Thus q(qa) = N(q)a = 0,

which means that q is a left zero-divisor. QED
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Since in Pg every left zero-divisor is also a right zero-divisor and wice

versa, it makes sense to consider D(Pg), the set of all zero-divisors of Pg.

The following result immediately follows.

Corollary 1.5.6. Let D be a commutative domain. Let € Pp. Then q €
D(Pp) if and only if N(q) = 0.

We recall again that while Hg, Hg and Hy are noncommutative integral
domains (in particular Hg and Hg are skew fields) we have that Pg, Py and
P;, contains zero-divisors. Take for instance 1 — j. This is a zero-divisor also
in Pp, for all commutative domains D. In this way we see that even if D is
a commutative domain, then Pp can contain zero-divisors. We show in the
next result instead, that no scalar element of D can vanish the elements of

Pp.

Proposition 1.5.7. Let D be a commutative domain. Let a € D and q € Pp.

Suppose that aq=0. Then a=0 or q=0. In particular ZnD(Pz) = @.

Proof. 1t is immediate since D does not contain any zero-divisors. QED

We study now the idempotent elements of a split quaternion ring.

Proposition 1.5.8. Let D be a commutative domain. Then q € Pp~ D is

an idempotent if and only if T(q) =1 and N(q) = 0.

Proof. Let us consider a split quaternion q =a+0bi+cj+dk. By Proposition
1.4.15, we can write q? = T(q)q—N(q). If T(q) =1 and N(q) =0, it is clear

that q? = q. Conversely, take an idempotent q € Pp N\ D. Then we get the
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conditions:
(T(q) - 1a=N(q)
| (T -1p=0
(T(q)-1)c=
(T(a)-1)d=0
If T(q) =1 then N(q) =0. If T(q) # 1, then b = ¢ =d = 0. This means that

q = a is an idempotent in the domain D which is absurd. QED

The next result shows that split quaternion rings can also contain nilpo-

tent elements.

Proposition 1.5.9. Let D be a commutative domain. Then a nilpotent

element of Pp has at most nilpotence index 2. Moreover q € Pp is nilpotent

if and only if T(q) = N(q) =0.

Proof. By Proposition 1.4.15, we can write q?> = T(q)q - N(q). Clearly, if
T(q) = N(q) = 0, then q is nilpotent of index 2. For the converse, assume
that q is nilpotent and nonzero with nilpotence index n, for some integer
n > 2. We will show that T(q) = N(q) = 0 and that n = 2. Since the norm
is multiplicative, 0 = N(q") = (N(q))". Being D a domain, N(q) = 0. Then
¢> = T(q)q. By induction, we get g = (T(q))" " q and (T(q))" "¢ = 0.
This forces (T(q))"™" = 0, and hence T(q) = 0. Thus q2 = T(q)q = 0 and
n=2. QED

1.6 Ideal structure of Py,

In this section we describe the ideal structure of the ring P;. In order to make

our calculations easier, we will often use the matrix representation (1.5) of
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Pz, introduced in Section 1.3, the norm and the trace of the elements of Py,
we studied in Section 1.4.

We will see that the maximal and primes ideals of P are generated by
at most two elements. Moreover, the Proposition I assures that Py is a

noetherian ring: all the ideals of P; are finitely generated.

Proposition 1.6.1. Let R be a commutative noetherian ring. Then Pg is a

noetherian ring.

Proof. Recall that R is contained in the center of Pg, by Proposition 1.4.8.
Further, 1, i, j and k are generators of Py over R. The conclusion follows by

Proposition I. QED
We see now that the ideals of Pr are closed under norm.

Proposition 1.6.2. Let R be a commutative ring. Let & be an ideal of Pr
and let q€ &. Then N(q) € . as well.

Proof. 1t follows from the definition of norm (see Definition 1.4.9). QED

The rings Hg and Hg have only trivial ideals since they are skew fields.
In [12, Exercise 3A] it is shown that the prime ideals of Hy are (0), pHz, for
all odd prime integers p, and the doubly generated ideal (1+ i, 1+ j), which
contains 2.

By using the matrix representation (1.5) of split quaternions we can state
some preliminary results about the ideals of Pr depending on the ideal struc-
ture of R. The key is the bijection between the ideals of R and M,,(R) stated

in Proposition K.

Proposition 1.6.3. With the notations introduced above, we have that:
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(i) For any field F' with char(F) # 2, the ring Pr is a simple ring. In
particular, Pgr, Pg and Pz,, for any odd prime integer p, are simple

TINgs.
(ii) For any odd integer m, the ring Py, is a principal ideal ring.

12) For any odd prime integer p, the ring Pz . is a local principal ideal
Yy g 9 Yz,

Ting.

Proof. Tt is an immediate consequence of Proposition 1.3.1 and Proposition

K. QED

It is important to notice that Proposition 1.6.3,(ii) does not hold in gen-
eral for even values of the integer m. Later, in Proposition 1.6.15, we will
see that Py, has a doubly generated ideal.

After Proposition K, we can also state that the ring M,,(Z) is a principal
ideal ring. This does not imply necessarily that Pz ~ A ¢ My(Z) is a principal
ideal ring too. In fact, we will see in Theorem 1.6.22 that Pz contains the
doubly generated ideal .#Z = (1+ i, 1+ j).

Norm, trace and the algebraicity of the elements of Pz over Z will play a
fundamental role in this context.

Let us start with the ideal (0) of Pz. In a commutative ring R the
condition that (0) is a prime ideal is equivalent for R being a domain. In a
noncommutative ring this equivalence is not true in general. We are going
to show that, although there are zero-divisors in the ring Pz, the trivial ideal
(0) is prime. The proof of this fact needs some preliminary and technical

results.
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Lemma 1.6.4. Let .# # (0) be an ideal of Py. Let q be a nonzero element

of & and let a be one of the nonzero coefficients of q. Then & contains an

element q' such that the real part of ' equals a.

Proof. Let q=a+0bi+cj+dk. By some simple calculations we have that
q(-i)=b-ai-dj+ck
qj=c+di+aj+bk (1.7)
gk=d-ci-bj+ak.
Since .# is an ideal, all these products are elements of . too. So the

equations (1.7) show how we can build other elements of .# whose real part

is equal to one of the imaginary coefficients of q. QED

Lemma 1.6.5. Let .¥ be an ideal of Pz. Let q=a+bi+cj+dke .. Then
S contains 4a, 4b, 4c and 4d.

Proof. Starting from q we can build the following elements of .#.
—iqi=a+bi-cj-dk,
jaj=a-bi+cj-dk, (1.8)
kqgqk=a-bi-cj+dk.
The sum q - iqi+ jqj+ kqk =4a € .. Similarly for the others, if we

permute coefficients as in Lemma 1.6.4. QED

Proposition 1.6.6. Fvery nonzero ideal of Pz contains an element of nonzero

norm.

Proof. Let us suppose ab absurdo that the ideal .# # (0) of Py is a subset of

D(Pz). By Lemma 1.6.4 we can find in .# an element with a nonzero real
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part, call it a. By Lemma 1.6.5, 4a # 0 is an element of .#. This means that
N(4a) = 16a® + 0 and that 4a is not a zero-divisor (Proposition 1.5.7). This

contradicts our hypothesis on .#. QED

Immediately, we have the following result.

Corollary 1.6.7. Every nonzero ideal of Py contains a nonzero element of

Z.
Proof. Tt follows from Proposition 1.6.2 and Proposition 1.6.6. QED

Lemma 1.6.8. A nonzero prime ideal of Pz contains exactly one prime

integer.

Proof. Let .7 be a nonzero prime ideal of Pz. By Corollary 1.6.7, in . we
can find an integer m > 1. Let us suppose that m = pips---p;, for some not
necessarily distinct primes p;. This means that p;ps---p; Pz € . Since the
p;’s are central, we can write p; Pz ps---p, € . By our hypothesis ¥ is a
prime ideal, and it follows that p; € .# or py---p; € #. By induction we can
state that .# must contain one of the p;’s. Finally, .# cannot contain two
different prime numbers. Otherwise it would be the whole ring P by using

a Bézout identity. QED
Now we are ready to state our first result about prime ideals of Py.

Proposition 1.6.9. The zero ideal (0) is a prime ideal of Pz.

Proof. Let .# and _Z be ideals of Pz such that .## c (0). We must show
that .# = (0) or # = (0). If .# = (0) we are done. If it is not so, thanks
to Corollary 1.6.7, we can take in .# an integer n # 0. Since n is central, for

every p € # we have np = 0. By Proposition 1.5.7, this implies that p = 0
and that ¢ is the zero ideal. QED
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Now we study the primality of the ideals of the form plPz, generated by an
odd prime integer p. We will make use of split quaternions with coefficients
in the finite field Z, of order a prime p.

We recall here that, by Proposition 1.3.1, if p is odd, we have the isomor-
phism

Pz, ~ My (Zy). (1.9)

Proposition 1.6.10. Let m be a nonzero integer. Then

Pz
TI’LPZ B

~

Py, (1.10)

Proof. Consider the map v : Pz — Pz such that ¥(a + bi+cj+dk) =
@+Dbi+cj+dk, where @,b,¢,d are the residues modulo m of the respective
coefficients of q. The map 1 is obviously surjective. Take now an integer split
quaternion a+bi+cj+dk € Pz such that ¢)(a+bi+cj+dk) =a+bi+cj+dk =0
in Pz . Then m divides the coefficients a,b,c and d in Z. Thus it is easy to

see that kerv = mPz. The thesis follows from the first isomorphism theorem

for rings. QED
We get the following result.

Proposition 1.6.11. Let p be an odd prime integer. We have the isomor-

phism
Yo o (Z,) (1.11)
Pz SR '
Proof. 1t is easily obtained putting together (1.9) and (1.10). QED

Proposition 1.6.12. Let p be an odd prime integer. Then the ideal pPyz s

a mazximal ideal of Py,
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Proof. By Proposition 1.6.11 the quotient ring ;%ZZ is isomorphic to the matrix
ring M (Z,), which by Proposition K, (i) is a simple ring. By the correspon-
dence theorem for rings we can say that there are no proper ideals over pPy

in P;. In other words pPy is a maximal ideal in the ring Py. QED

Corollary 1.6.13. Let p be an odd prime integer. Then the ideal pPz s a

prime ideal of Py.
Proof. By Proposition E and Proposition 1.6.12. QED

Remark 1.6.14. In Chapter 0 we recalled that the quotient ring of a max-
imal ideal is a simple ring and, if the ring is commutative, this quotient is
a field. In general, in a noncommutative setting the quotient at a maximal
ideal may not be a skew field. For instance, in Proposition 1.6.12 we showed
that plP7 is a maximal ideal of Pz, for odd primes p. Nevertheless the ring

Pz, is not a domain. Here we have that (1+ j)(I-j)=0.

The case p = 2 requires a distinct discussion. Unfortunately, in this case
we cannot use the matrix representation as we did for odd primes. We will
proceed with direct calculations. By Proposition 1.6.10 we know that

Pz
—— ~ P 1.12
QPZ Z2 ( )

Proposition 1.6.15. The ring Py, is a commutative local ring with sizteen
elements. Its maximal ideal is the ideal generated by 1+ i and 1+ j and the

correspondent residue ring is Fo.

Proof. We have that

Pz, ={0,1, 1, j, k, 1+i,1+j, 1+ k, i+j, i+ k, j+k,

l+i+j1l+i+k 1+j+k, i+j+k, 1+i+j+k}.
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So it has sixteen elements. Since it has characteristic 2, by Proposition 1.4.4,

Pz, is a commutative ring. Given q € P,, we have that q is invertible if and

only if N(q) = 1 and q is noninvertible if and only if N(q) = 0, thus it is
a zero-divisor (see Propositions 1.5.2 and 1.5.5). Moreover, for all q € Pz,,
we have that q = q. From this it follows that norm is additive as well as

multiplicative. For seeing this, notice first that for any q,q, € Pz, we have

qdy = 419, by the commutativity of multiplication. Finally, it follows that
N(a+a) = (a+a)(a+a)
=qq+qqy +q;q+q;qp
=qd+qd + 299y
=qq+q;9;
=N(q) + N(q).

By this, it is easy to show that the zero-divisors form a maximal ideal M. In

particular
M=D(Pz,)={0,1+i,1+j, 1+ k,i+j, i+k, j+k 1+i+j+k},

which is generated by 1+ i and 1+ j. Since M contains eight elements we

have the isomorphism
Pz,
M

=~ ]FQ.

Our proof is now complete. QED
Remark 1.6.16. In the proof of Proposition 1.6.15 we show that the norm in
Pz, is additive as well as multiplicative. This property is not true in general
for the norm in Pz or Pz, for odd primes p. For instance take q = 1 + j.
Then N(q) +N(q) =2N(q) =0 but N(1+ j+1- j) =N(2) =4. Thus norm is

not additive in Pz. Since p [ 4 then norm is not additive in Pz, too.
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By this preliminary result, we can determine the unique maximal ideal of

Pz that contains 2P;. We start with this definition.

Definition 1.6.17. We will indicate by .# the ideal generated in Pz by 1+ i
and 1+ j. Thus
ME(L+1,1+]).

A priori, the elements of .#Z consist of finite sums of the form
qu;(l + 1)p; + er(l +3)s;,
i J

where each q;,p;,r;,s; € Pz (see Section 0.3). Such an expression is very

tricky to work with, but we can give a simpler description available.
Lemma 1.6.18. Let qe . #. Then, there exist p,r € Py such that

q=p(1+1)+r(l+}j).
Proof. Working in the commutative ring 2%, we have

q=q(1+1)+qe(l+]),
for some q,,q, € Pz. Lifting this to Pz, we have
q=q;(1+ 1) +ay(1+j) +2qs,
for some g3 € Pz. Since 2= (1-1)(1+ i), we get
q=(a; +qs(1 - 1)1+ i) +go(1+]).

Taking p = q; + q5(1 - i) and r = q, yields the result. QED

We can state the following immediate corollary.
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Corollary 1.6.19. The left, right and two-sided ideals generated by 1+ i and

1+ j in Py concide.

Proof. Let .#; and ., be the left and the right ideals generated by 1+ i and
1+ j respectively. It is straightforward that . ¢ .# and .#,. ¢ .#. Lemma
1.6.18 assures that .Z < .#;. Since Pz, is a commutative ring, Lemma 1.6.18

is true also in the right version. Finally, it follows that .#Z ¢ .7,. QED
Now we are ready to show that .Z is a maximal ideal containing 2.

Proposition 1.6.20. Let P be a prime ideal of Py containing 2. Then, P

must be a maximal ideal.

Proof. Since 2]% is a finite commutative ring, then ]%Z must be a finite com-
Z

mutative ring too. Since P is a prime ideal, by Proposition F, in H%Z the ideal

(0) is a prime ideal. Thus PFZ is a finite commutative domain. In other words,

HLPZ is a field. Thus, P must be a maximal ideal of Py. QED

Now, we show that .# is the unique maximal ideal of Pz over 2.

Proposition 1.6.21. The ideal # = (1+ i,1+ j) of Pz is maximal, and it

is the unique prime ideal of Py above 2.

Proof. 1t is clear that 2 € .#. In fact N(1+ i) = 2. In particular, 2Pz ¢ .# .
By Proposition 1.6.20, .# is a maximal ideal. Let us show that it is the
unique above 2. Given a maximal ideal .# of Pz above 2, the image of .
in 2% must be a maximal ideal of 2%. By Lemma 1.6.15, we know that the
only maximal ideal of 2% is the ideal generated by 1+ i and 1+ j. The thesis

follows by the correspondence theorem for rings. QED
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Theorem 1.6.22. The only mazimal ideals of Pz are A = (1+1, 1+ j) and

the principal ideals pPyz, generated by an odd prime p.

Proof. Let .# be a maximal ideal of Pz. Let p be the prime number of .¢
whose existence is assured in Lemma 1.6.8. Then pPz ¢ .#. If p is odd
then plPz is a maximal ideal and pPz = .. If p = 2, because of our previous
investigations, the ideal .# must equal .Z = (1+1, 1+ j), the unique maximal

ideal that contains 2. QED
As an immediate consequence of Theorem 1.6.22 we have the following

Proposition 1.6.23. The prime ideals of Pz are (0), # = (1+1, 1+j) and

the principal ideals pPyz, generated by an odd prime p.

Proof. The thesis follows from Lemma 1.6.8, Proposition 1.6.9 and Theorem
1.6.22. QED

After Propositions 1.6.22 and 1.6.23, we can state that the prime and the
maximal spectra of Pz and Hy have the same pattern.
We now prove an interesting fact about prime ideals that we will use to

investigate localization properties of Pz in Chapter 2.

Proposition 1.6.24. The prime ideals of Py are closed under bar conjuga-

tion.

Proof. For the zero ideal it is obvious. Take q € pPz, for an odd prime
integer p. If q=a+bi+cj+dk, then q=a-bi-cj—-dk. Now it is obvious

to see that p | q < p | @. To prove the thesis for .#, observe first that

1+i=1-i=2-(1+ 1) e.#. Analogously for 1+ je .#. Take now qe .Z.

Thanks to Lemma 1.6.18, we can suppose that q = q;(1+ 1) + qo(1 + j), for
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some ¢; and qy € Pz. Then @ = (1 - i)q; + (1 - j)@3 which is an element of
M. QED

In our study about prime and maximal ideals of Pz, we essentially fo-
cused on principal ideals generated by central prime integers. Now we briefly
analyze what happens when we consider the principal ideal generated by any
split quaternion, not necessarily central. For example, let .# = (1 +2i). We
know that N(1+21i) =5 € .#, thus 5Pz ¢ .#. Since 5P is a maximal ideal,
then we must have . = 5Py either .# = P;. The former case is impossible
since 5 | 1+ 2i. So we have that .# = P;. (In particular, by Proposition
1.6.5,4¢ .7, so 1=5-4¢.7). This fact is true in general as we show in the

following.

Definition 1.6.25. Let q=a+bi+cj+dk e P;. We say that q is primitive
if ged(a, b, ¢, d) = 1.

The ideal generated by non primitive split quaternions leads us to the
maximal ideals of Py classified above. In fact, let us take a split quaternion
q which is not primitive. Then there is a prime p dividing its coefficients.
If p is odd, it is obvious that (q) is contained in the maximal ideal pPz. If
p=2,then (q) € (2)c(1+1i, 1+ j). Soin order to avoid trivial cases we will

work now on with primitive split quaternions.

Proposition 1.6.26. Let q be an integer split quaternion such that N(q) = p,

where p is a prime number. Then q is irreducible and primitive.

Proof. It q = q,q,, then p = N(q) = N(q;)N(qy). Since p is prime then
N(qy) = £1 or N(q,) = 1, that is to say q, € U(Pz) or q, € U(Pz). This

assures the irreducibility of q. If there were a prime n dividing the coefficients
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of q, we would have p = N(q) = n?m, for some m € Z. But this violates the

Fundamental Theorem of Arithmetic. QED

Now we prove that split quaternions of odd prime norm generate the
whole ring Pz. The elements of norm 2 instead, are associated each other:

they are all generators of the ideal (1 + i).

Proposition 1.6.27. Let q € Py such that N(q) = p, where p is an odd prime

number. Then (q) = Pz. In particular q is not contained in any maximal

ideal of Py,

Proof. By the previous result q is primitive, so p does not divide at least one
coefficient of q. By Lemma 1.6.4, we may suppose it is the constant term,
say a. By Lemma 1.6.5 we know that 4a € (q) and since ged(p, 4a) = 1, using

a Bézout identity, we have that 1 € Pz and (q) = Py. QED

Remark 1.6.28. The Proposition 1.6.27 helps us in building an element of
a noncommutative ring which is not contained in any maximal ideal of the

ring. The split quaternion 1+ 21 € Pz is a concrete example.

The next preliminary result assures that an integer split quaternion ¢ of

norm 2 must have exactly two even coefficients.

Lemma 1.6.29. Let q be an integer split quaternion such that N(q) = 2.
Then q=2a+2bi+(2c+1)j+(2d+1)k, or q=(2a+1)+(20+1)i+2cj+2dk,

for some a, b, ¢, deZ.

Proof. Suppose the thesis is not true. If all coefficients of q are even, e.g.
q = 2¢/, for some ¢’ € Pz, we have N(q) = 4N(q’). This can not be equal

to 2, since N(q') € Z. If the coefficients of ¢ are all odd we have again that
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N(q) € 4Z. Lastly, if exactly one or three coefficients are even, then N(q) is
an odd integer. Finally, it turns out that q can have the form 2a+2bi+ (2c+
Dj+@2d+1)kor (2a+1)+(20+1)i+2cj+2dk, for some a, b, ¢, d € Z. In the
other possible combinations of parity of the four coefficients, N(q) cannot

equal 2. QED

Lemma 1.6.30. Let q and v be elements of Pz such that N(q) = N(r) = 2.

Then qr € Pz.

Proof. The result is equivalent to saying that qr = 0 in Pz,. By Lemma
1.6.29, we may suppose that q and r are 1+ i or j+ k modulo 2. Since in
Pz, we have that (1+1)2=0, (j+ k)?=0 and (1+ i)(j+ k) =0, the result
follows easily. QED

The following result states that the ideal generated by an integer split

quaternion of norm 2 coincide with the ideal generated by 1 + i.

Proposition 1.6.31. Let q € Py be such that N(q) =2. Then q =u(l+ i),
where uw e U(Pz). Moreover (q) = (1+ 1).

Proof. By Lemma 1.6.30 q(1+ i)™! = 2q(1 - i) € Pz. So if we take u =
q(1+ i)7!, we have that u € U(Pz), because N(u) = 1. Since q = u(1l+ i), q

and 1+ i generate the same ideal. QED

Now we say something more about the zero-divisors. It turns out that

they are all contained in the ideal .Z .

Proposition 1.6.32. Let q € Py such that 2 | N(q). Then q € 4. In

particular (q) ¢ A .
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Proof. Let q = a+bi+cj+dk be such that N(q) = a® + b? - 2 — d? = 2m,
for some m € Z. Reducing N(q) modulo 2, we see that q must have zero,
two or four even coefficients. In the case that all of them are even, then
trivially q € (2) € .#. Suppose now that q has all odd coefficients. Then
q = 1+i+j+ k (mod. 2). Lifting it up to Pz, we obtain that q = 1+ i+ j+ k+2q;,
for some q; € Pz. Since 1+ i+ j+ k= (1+1i)(1+ j)e ., then also qe .Z.
If q has exactly two even coefficients, then q (mod. 2) is congruent to one of
the following: 1+ 1, 1+j, 1+ k=(1+i1)k+1+j, i+j=0+1)j+(1+
Di, j+k=(1+1)j, i+ k=1i(1+ j). Since all of them are elements of .Z
we conclude as above lifting q up to Pz. Finally (q) € .#. The inclusion
is strict because .# is the unique maximal ideal containing 2 and it is not

principal by definition. QED
Corollary 1.6.33. Let q € Py be a zero-divisor. Then q € .4 .
Proof. 1t is a particular case of Proposition 1.6.32. QED

Summing up the results we just proved about principal ideals, we obtain

the following statement.
Proposition 1.6.34. Let q € P;. We have the following possible cases:
(i) q =0 if and only if (q) = (0).

(i) If q = pu, for an odd prime integer p and u € Pz, then (q) € pPy.
Moreover, if ue U(Pz), then (q) = pPyz.

(1ii) If 2 | q, then (q) & A .

(iv) If N(q) =0, then (q) ¢ A .
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(v) If N(q) = £1, then (q) =Pz
(vi) If N(q) = p, for an odd prime integer p, then (q) =Pyz.
(vii) If N(q) =2, then (q) = (1+ i).
Proof. (i) The nontrivial implication follows from Proposition 1.5.7.

(ii) Let us suppose that q = pu, for some u € Pz. The inclusion (q) < pPy is
straightforward. If u is invertible, for the other inclusion, notice that

also u™t e Pz. Sop=qute(q).
(iii) If 2 | q, then (q) € (2) ¢ 4.
(iv) It is the above Corollary 1.6.33.
(v) It is obvious because under these hypothesis q results to be invertible.
(vi) See Proposition 1.6.27.
(vii) See Proposition 1.6.31. QED

Remark 1.6.35. We observe that the converse of the second part Proposi-
tion 1.6.34,(ii) is not necessarily true. In fact, by the point (vi) of the same
proposition, (1+21i) =Pz. Thus (3+61) = 3Pz, but 1+ 21 is not invertible in

P;. Here follows the most general case we can have.

Proposition 1.6.36. Let p be an odd prime integer and let q € Pz. Then
(q) = pPz if and only if q = pq’ for some ¢ € Py such that (¢') = Pz.

Proof. The if part is immediate since (q) = p(q’) = pPz. For the converse,
suppose that (q) = pPz. Then q = pq’, for some ¢’ € Pz. Moreover p € (q), so

D= Ypr1PndTlh =P Yoy Py d Th, for some py, 1, € Pz By Proposition 1.5.7,

52



it is possible to simplify p from this equality. Then we get ¥, 1 p,q'r = 1,

that is to say 1€ (q’), as wanted. QED
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Chapter 2

Localizations properties of Py

A tool of investigation in commutative ring theory is the localization of do-
mains at suitable multiplicative subsets. Localization theory is very used to
describe the prime spectrum of domains.

In this chapter we shall first introduce a general theory of noncommu-
tative localizations studying a particular kind of multiplicative subsets, the
denominator sets (cf. [15]). In the second section we apply this theory to
P;. These results will be useful in Chapter 4 in order to describe the prime

spectrum of Int(Pz).

2.1 Noncommutative localizations

In this section we recall some notion about the localizations (or rings of
fractions). We will generalize the more well-known commutative case, for
which a universal reference is [1, Chapter 3]. In particular, we shall deal
with the necessary theory to our aims; more details and a more general

treatment can be found in [15, chapter 4].
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2.1.1 Multiplicative subsets

We start with this definition.

Definition 2.1.1. Let be given a ring R and a subset S ¢ R. We say that S

is a multiplicative subset of R if the following conditions hold:
(i) 1€S;
(ii)) 0¢.S;
(iii) S-ScS.
We list some examples of multiplicative subsets.

Proposition 2.1.2. Let R be a ring (not necessarily commutative). Then

the following are multiplicative subsets of R:
(i) the intersection of a family of multiplicative subsets;
(ii) the set of left-invertible elements of R;
(11i) the set of right-invertible elements of R;
(iv) the set of invertible elements U(R);
(v) the set Ri(R) of left-reqular elements of R;
(vi) the set R.(R) of right-reqular elements of R;
(vii) the set R(R) of reqular elements of R;

(viii) if Z € R, then any multiplicative subset of Z is a multiplicative subset

of R.
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Proof. 1t is straightforward. QED

If the ring R is commutative, then there exists an important class of

multiplicative subsets of R.

Proposition 2.1.3. Let R be a commutative ring. If Q) is a prime ideal of R,
then the complement R~ Q is a multiplicative subset of R. In particular, the

complement in R of the union of a family of prime ideals is a multiplicative

subset of R.
Proof. 1t is an equivalent condition for ) being prime in R. QED

If R is a noncommutative ring, Proposition 2.1.3 is not necessarily true.

We can give this example in Py.

Example 2.1.4. Take an odd prime integer p. In Proposition 1.6.23 we
saw that pPz is a prime ideal of Pz. The complement of plPz in Pz is not
multiplicatively closed in Pj. For instance, write p = 2k + 1. The split
quaternions q = (k+ 1) + kj and q are primitive so they are not in pPz.

Nevertheless qq = (k+1)%2 - k%2 = p € pPy.

For this reason, in the noncommutative setting it is needed to introduce
a new family of multiplicative subsets associated to prime ideals. In [11]
Goldie suggests the following definition using prime ideals. We use it in a

more general way working with a proper subset.

Definition 2.1.5. Let be given a ring R. Let () be a proper subset of R.

We define the left Goldie complement of () to be

C(Q)E{zeR | zr¢Q, VreQ}.
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Similarly, it is defined the right Goldie complement of () to be

T(Q={zeR | rz¢Q, VreQ}.
For completeness we set €' (R) = ¢"(R) = @ .

In order to make no confusion with € (Q), we will often call the comple-
ment R\ @) of a subset ) as the set theoretic complement of Q). We will see
that in general € (Q) and R\ @ are not equal.

We can immediately give some examples of Goldie complements.

Example 2.1.6. Let R be a ring. Then

C0)={xeR | xr+0, Vr+0}=R)(R),
the set of the left regular elements of R and

¢ (0)={zeR | re#0, Vr+0}=R.(R),

the set of the right regular elements of R. Recall that, after Proposition 2.1.2,
these sets result to be multiplicative subsets. Finally, if R is not a domain,

then €' (0) and ¢7(0) are strictly contained in R*.
The following properties are immediate consequences of Definition 2.1.5.

Proposition 2.1.7. Let R be a ring and let Q ¢ R be a prime ideal of R.
Then

(i) 16 (Q).
(11) 0¢F(Q).
(111) If a,be € (Q) then abe €(Q).
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(iv) €(Q)c R~ Q.
Similar properties are true for €'(Q).
Proof. (i) For each r ¢ Q, then 1-r=1¢ Q.
(ii) Since 0 € @, for all 7 ¢ (), we have that 0-7r € Q.

(i) Let r ¢ Q. Since b € €(Q), then br ¢ (). Now again, since a € €(Q),
a(br) ¢ Q. Finally for all r ¢ @ then (ab)r ¢ Q.

(iv) Let z € ¥(Q). Since 1 ¢ @, then -1 =z ¢ Q). So as we wanted,
reRNQ. QED

Now we have the following corollary.

Corollary 2.1.8. Let R be a ring. Let Q € R be a prime ideal of R. Then
€ (Q) is a multiplicative subset of R, in particular €(Q) € R~ Q. The same

is for €'(Q).

Proof. Since () is a prime ideal, the thesis follows from Proposition 2.1.7.

QED

If R is a commutative ring, €' (Q) gives back the complement of the prime

ideal Q.

Proposition 2.1.9. Let R be a commutative ring and @ be a proper prime

ideal of R. Then €(Q) =%"(Q) =R~ Q.

Proof. After Corollary 2.1.8 we need to prove the inclusion € (Q) 2 R~ Q.
Since @ is a prime ideal in a commutative ring, by Proposition 2.1.3, R\ )
is a multiplicative subset. Take x ¢ ). Then, for all r ¢ Q), xr ¢ (). Finally
re€(Q). QED
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In Example 2.1.4 we also proved that if ) = plPz, for an odd prime p, then
Q) ¢ Pz~ Q.

When @) is a prime ideal of the ring R, we have an interesting character-

ization of (Q) and €'(Q).

Proposition 2.1.10. Let R be a ring. Let QQ be a prime ideal of R. Then
€ (Q) is the set of left reqular elements of R modulo Q and €'(Q) is the set

of right regular elements of R modulo Q.

Proof. Take x € R. Then x is a left zero-divisor modulo @) if and only if there

R
QJ

such that zr € Q. In other words, x ¢ € (Q). Similarly for €’(Q). QED

isr e 2 r+0,such that xr = 0. This is equivalent to say that thereis an r ¢ ()

Now we establish a sufficient criterion for ¢'(Q) and €’(Q) being equal.

Proposition 2.1.11. Let R be noetherian ring and Q) be a prime ideal of R.
Then €(Q) =€"(Q).

Proof. See [11, Section 3] QED

Thus in a noetherian ring, when we construct the ring of fractions with
denominators in the Goldie complement of a prime ideal, we do not care on
which side we are working on: we will obtain the same structure. Later we
will see this in details.

An immediate corollary of Proposition 2.1.11 is the following.

Corollary 2.1.12. Let R be a noetherian ring and let Q) be a prime ideal of
R. Then €(Q) is the set of the reqular element of R modulo Q.

Proof. 1t follows from Propositions 2.1.10 and 2.1.11. QED
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After this general discussion, we study more precisely the Goldie comple-

ment associated to the prime ideals of Py.
Proposition 2.1.13. Let Q) be a prime ideal of Pz. Then
(1) €(Q) is closed under bar conjugation.

(ii) €(Q) is closed under norm.

(iii) €(Q) ={z¢Q | N(z) ¢Q}.
(iv) €(Q) does not contain any zero-divisor.

Proof. Recall that Pz is a noetherian ring (it follows from Proposition 1.6.1).
Then, for what we told in Proposition 2.1.11, €(Q) = €'(Q), for each prime
ideal @) of Py.

First of all take the prime ideal @ = (0). Then €(Q) = R(PPz), since by
Proposition 1.5.5, right and left zero-divisors of Pz coincide. Moreover they
are exactly the elements with zero norm. Then € (Q) = €'(Q) = R(Pz) =
{2 #0 | N(x) #0 }. In this way we have proved (i)-(iv) for the case @ = (0).

Now we prove the (i)-(iv) for the other prime ideals of P.

(i) Suppose that @Q = pPz, for an odd prime p. Take z € €'(Q) and r ¢ Q.
Then, equivalently, 7 ¢ (). Thus 7z ¢ (), which is equivalent to say that
7x =2r ¢ Q. Finally, 7 € €(Q).

The case @ = (1 + i, 1+ j) can be proved exactly in the same way by

Proposition 1.6.24.

(ii) It is an immediate consequence of the previous property and the mul-

tiplicative closure of € (Q).
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(iii) Suppose now that @ = pPz, for an odd prime p. The thesis follows
if we show that that, taken an x ¢ (), then we have the equivalence:
xeC(Q) < N(x) ¢ Q. Let x € €(Q). Since €(Q) € Pz~ @, then
p | z and p | T. Suppose that p | N(z). We have that T ¢ @) and
N(z) = 27 € @, against the choice of x. For the reverse implication,
take an x € Pz such that N(z) ¢ Q. If x ¢ €(Q), then it would exist an
r ¢ (Q such that xr € Q. So p | zzr = N(x)r. Since N(x) is an integer,
this means that p | N(z) or p | r, but both of these conditions are

absurd.

It remains the case Q@ = (1+1, 1+j). f2x € €(Q), then x ¢ Q and T ¢ Q.
Since QNZ =27, if N(z) € Q), then 2 | N(x) = 2. But this violates the
fact that x € €(Q), being T ¢ ). Take now x ¢ @), such that 2 | N(x).
By contradiction, if = ¢ €(Q), it would exist an r ¢ () such that zr € Q.
A fortiori, for all s € Pz, ster € Q. So sN(x)r € Q, for all s € Pz. In
particular , N(z)Pzr ¢ Q. Since @ is a prime ideal, then N(z) € Q or

r € ), but both conditions are absurd.

(iv) Let @ = pPz, for an odd prime p and suppose that xr’ = 0, for some
xe€(Q) and r' # 0 € Pz. If we write r’ = p™r, for some r ¢ @, and
an integer m > 0, we get xr = 0 € () which is an absurd. Lastly, if
Q = (1+1,1+ j), this statement is a consequence of Corollary 1.6.33

and Proposition 2.1.7, (iv). QED
It is useful to outline the following
Corollary 2.1.14. With the notation above, we have that:
%(0) = R(Pz);
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¢ (pPz) ={x Pz | p [z and p [N(z) };
and
C(1+i,1+j)={xePz|2)xand 2| N(z)}.

Proof. 1t immediately follows from Proposition 2.1.13, (iii). QED

The multiplicative subsets of Pz we will work with in the following are:
U(Pz), the multiplicative subsets of Z, € (0), €(1+ i,1+ j) and € (pPz), for

any odd prime integer p.

2.1.2 Denominator sets and Localizations
We start with this definition.

Definition 2.1.15. Let be given two rings R and R’. Let S be a multiplica-
tive subset of R. A ring homomorphism ¢ : R — R’ is said to be S-inverting
if p(S) cU(R').

Given a commutative ring R and a multiplicative subset S ¢ R, in Com-
mutative Ring theory is well-known the construction of the ring Rg, called
the localization of R at S and of the ring homomorphism ¢ : R - Rg which
is S-inverting and is universal with this property (this means that the data

Rs and ¢ are unique). In particular, it is possible to prove that:

(CL1) Every element of Rg has the form o(r)¢(s)™" (for brevity we write

Z), for some r € R and s € 5.
(CL2) kerp={reR | rs=0, for some s €S} (which is an ideal in R).

The addition in Rg is defined by taking a common denominator between

fractions and the multiplication is defined by multiplying numerators and
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denominators of fractions. The embedding of a commutative domain D into
its field of quotients corresponds to the localization of D at the set D*.

The following notions take inspiration from what happens in the commu-
tative case. We formulate them in a general context, also for noncommutative
rings.

In [15] it is proven the following result.

Proposition 2.1.16. [15, Proposition 9.2] Let R be a ring and let S be a
multiplicative subset of R. Then there exists an S-inverting homomorphism e
from R to a ring Rs with the following universal property: for any S-inverting

homomorphism « : R — R', there exists a unique ring homomorphism f :

Rg - R’ such that a= foe.

The universal property of € stated in Proposition 2.1.16 guarantees the
uniqueness of the data € : R - Rg. For this reason in the notation of the
theorem we are allowed to use Rg for indicating the receiving ring of the
universal S-inverting homomorphism €. Lastly, note that Proposition 2.1.16
is true for any subset S (not necessarily multiplicative) but in some cases Rg
may be trivial. For example, as in the commutative case, if 0 € S then Rg is

the zero ring. The use of multiplicative subsets avoids the trivial cases.

Remark 2.1.17. In opposition to the commutative case, Rg may be the
zero ring even though 0 ¢ S. In [15, Example 9.3] and [15, Exercise 9.5] there

are such examples.

In a noncommutative context the nature of Rg is not easily predictable.
The properties (CL1) and (CL2) of the commutative case are not true in

general. The elements of Rg are indeed sums like
e(r)e(s)e(r’) +e(s") te(r")e(s") 7, (2.1)
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for some r,r’',r"” € R and s,s’,s"” € S. In a noncommutative setting an ex-
pression like the (2.1) is far from being equal to £(r;)e(s1)7!, for some r; € R
and s € 5.

The most unexpected situation is maybe the following. In [15, Theo-
rem 9.11] Lam builds a noncommutative domain which cannot be embedded
into any division ring. This domain is known in literature as the Mal’cev
counterexample.

For these reasons in a noncommutative setting we need additional condi-
tions on the multiplicative subset for building a useful localization ring.

In what follows we first give the definition of a ring of fractions (or lo-
calization) and after we describe the family of multiplicative subsets used to
construct them. Observe that we initially need to distinguish the right and

left fractions.

Definition 2.1.18. Let be given a ring R and a multiplicative subset S ¢ R.
A ring R’ is said to be a right ring of fractions or right localization of R with

respect to S if it is given a ring homomorphism ¢ : R — R’ such that:
(i) ¢ is S-inverting.
(i) Every element of R’ has the form ¢(a)@(s)™", for some a € R and s € S.

(iii) kerp={reR | rs=0, for some s€ S }.

1 instead

To simplify the notation, we write the elements of R’ as rs~
of p(r)e(s)~t. We define similarly the left ring of fractions whose elements

have the form s !r.

Remark 2.1.19. When such a ring R’ exists, then R’ # 0. Otherwise, in

view of (iii), 1 would be a zero-divisor.
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The existence of a right (or left) ring of fractions is not given a priori. As
told above, we need more conditions on the multiplicative subset S. In the
next definition we require two conditions on S that essentially let us to find
a common denominator for (a finite number of) fractions in such a way that

we can add or multiply them and obtain an element of the form rs=!.

Definition 2.1.20. Let R be a ring and S a multiplicative subset in R. We

say that S is a right denominator set if

(i) For any a € R and s € S, aSnsR # @. (We also say that S is right

permutable).

(ii) For a € R, if s'a = 0 for some s' € S, then as = 0 for some s € S. (We

also say that S is right reversible).

The left-analogous properties are defined similarly. For a commutative
ring the (right and left) permutability and reversibility are trivially true. So
the denominator sets for a commutative ring coincide with the multiplicative
subsets. Moreover, the multiplicative subsets contained in the center of the
ring are trivially denominator subsets.

The following important result due to Ore and Asano (known by Noether
too in a noetherian context), gives a necessary and sufficient condition for

building a right ring of fractions with respect to a multiplicative subeset.

Proposition 2.1.21. [15, Theorem 10.6] Let R be a ring and S a multi-
plicative subset in R. Then R has a right ring of fractions with respect to S

if and only iof S is a right denominator set.

For the proof of this result we refer to [15, Section 10]. We outline here

only the aspects we will need later.
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Definition 2.1.22. In view of Proposition 2.1.21 we can construct the fol-

lowing ring of fractions
RS ={as" | aeR, seS}
whose element are the right fractions with denominator in S.

Remark 2.1.23. The conditions (i) and (ii) of Definition 2.1.20 are necessary
for finding a common denominator when we sum or multiply two fractions

in RS- and so for proving that RS~! is finally a ring.

We complete this general dissertation about localizations with universal-

ity of the construction RS™!.

Proposition 2.1.24. Let R be a ring and S a denominator set in R. Con-
sider the map ¢ + R — RS™' such that ¢(r) = §, for all v € R. Then ¢
1s a unwersal S-inverting homomorphism. In particular, there is a unique
isomorphism g : Rg — RS~ such that goe = ¢, where Rg and ¢ : R - Rg are

as in Proposition 2.1.16.

This result assures that if S is a right denominator set in R then the rings
Rg (cf. Proposition 2.1.16) and RS~! (cf. Proposition 2.1.21) coincide.

Similarly we can construct the ring
S_1R={s_1a ‘ a€R, SES},
with respect to a left denominator set S.

Proposition 2.1.25. [15, Corollary 10.14] Let R be a ring and let S be a

right and left denominator set in R. Then we have the isomorphism
RS~ SR,

67



Take now S = R(R) of all regular elements of the ring R. We saw in
Proposition 2.1.2 that it is a multiplicative subset of R. Since S does not
contain zero-divisors, RS~! is a localization of R at S if and only if S is right
permutable. If this is the case, we call RS~! the total right ring of fractions
of R, denoted by Q"(R). The notion of the total left ring of quotients Q'(R)
is given similarly. If Q'(R) = Q"(R), we speak of the total ring of quotients
of R without any mention of the side. Observe that if D is a commutative
domain, Q"(D) = QY(D) = Q(D), the field of quotients of D. The adjective
total is justified by the fact that R(R) is the biggest multiplicative subset of
R whose elements can be inverted (the rejected ones are zero-divisors). For
this reason any other ring of fractions of R can be embedded in Q(R), when

1t exists.

2.2 Ring of quotients and Localizations of Py

In what follows we aim to investigate the structure of some localizations of
Pz that we will use to study the ideals of Int(Pz).
Before building localizations of Pz, we must first look for suitable denom-

inator sets in the ring Py.

Proposition 2.2.1. The multiplicative subsets of Z introduced in Section
2.1.1 (id est Z* and the sets Z \ pZ, for p prime integers) are denominator
sets of Py.

Proof. Let S be one of the multiplicative subsets of the statement. Since by
Proposition 1.5.7 the elements of Z are not zero-divisors in Pz, we have only

to show that S is right and left permutable. This fact is easy to see since S

68



is contained in the center of Pz. We can conclude that S is a right and left

denominator set of P. QED

Proposition 2.2.2. Let Q be a prime ideal of Pz. Then €(Q) is a right

and left denominator set of Py.

Proof. We saw in Corollary 2.1.8 that ¢’(Q) is a multiplicative subset. By
Proposition 2.1.13 €'(Q)) does not contain zero-divisors, so €' (Q)) is right and
left reversible. It remains to show that € (Q) is right permutable. This is
trivially done. Given a € Pz and s € €(Q), we can permute using the equality
a-N(s) = s-5a. Similarly for the left permutability. Thus €' (Q) is a right

and left denominator set of Pz. QED
We can give the first concrete example.

Proposition 2.2.3. Let S =R(Pz). Then
P,St=S5"1P, = O(Pz) = Py,

which is the total ring of fractions of Py.

Proof. Recall that by Corollary 2.1.14, R(Pz) = € (0) which is a denominator
set by Proposition 2.2.2. So the ring PzS-! exists and its elements are the
fractions rs~!, where r,s € Pz and N(s) # 0. It is easy to understand that
rst = @r? € Pg. In this way we showed that PzS~! ¢ Pg. Let us show the
reverse inclusion. Given q € Py, write q in the form p-a~!, where p € Pz and
a is a common denominator for the coefficients of q. Obviously, a € R(Pz).
Thus PzS~! = Py. Similarly, S7'Pz = Pg. Finally since we localized with
respect to the set of regular elements of Pz, we obtained the that Pg is the

total ring of fractions of Py. QED
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Using the same argument of the proof of the previous result we can state

the following.

Proposition 2.2.4. Let S=Z~{0}. Then
P,S! = S, = Py,

Proof. By Proposition 2.2.1, S'is a denominator set of Pz. The proof proceeds
as in Proposition 2.2.3. The key is taking a common denominator for the

coefficients of the elements of Py. QED

If we localize Pz at S = Z ~ pZ or S = €(Q), where Q = pPz, we get
the algebra of split quaternions with coefficients in Z,), the localization of

Z at p.
Proposition 2.2.5. Let S =7~ pZ. Then
]Pz»SPI = S71PZ = ]P)Z(p)-

Proof. We already know that S is a denominator set of Pz by Proposition
2.2.1. So the ring Pz St exists. A right fraction as™! € PzS~1, for some a € Py
and s € S, can be seen as a rational split quaternion q € Py, whose coefficients
are rational numbers with a denominator which is not divisible by p. In other
words Py S-1 ¢ ]P’Z(p). For the reverse inclusion, notice that the minimum
common denominator of some elements of Z, is an element of Z \ pZ. So

PzS-1 = Pz,,,- Similarly it can be proved that S~1P; = Pz, QED
Symmetrically we have the following result.

Proposition 2.2.6. Let p be an odd prime integer, Q) = pPz and S = €(Q).
Then
]P@Sil = Sil]P)Z = ]P)Z(p)-
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Proof. We saw that S is a denominator set of Pz (Proposition 2.2.2). So the
ring PzS-1 exists. Since by Corollary 2.1.14, the norm of the elements of S
is not divisible by p, a right fraction ps~! € PzS~!, for some p € Pz and s € S,
can be seen as a rational split quaternion ¢ = ﬁp? =a+bi+cj+dk, where
a,b,c,d € Q and their denominators are not divisible by p. In other words,
a,b,c,d € Zy. In particular PzS-! ¢ Pz,,. For the reverse inclusion let
q € Pz, . Taking a common denominator, write q = %p, for some p € Pz and
n € Z. Since the minimum common denominator of some elements of Z,) is
an element of Z \ pZ, then n is not divisible by p. Thus neither n? = N(n) is
divisible by p. So n € S and PzS-! = Pz, - In the same manner we can prove

that S-1Pz =Py . QED

We conclude this section calculating the total ring of fractions of Pz,
for a prime integer p. Working as we did for Pz, it can be proved that the

total ring of fractions of Pz, for a prime integer p, is the whole ring Pg.

Proposition 2.2.7. Let p be a prime integer. Then
Q(Pz(p)) = ]P)@'

Proof. Call S =R(Pz, ). We have that S is a multiplicative subset of Pz .
As in proof of Proposition 2.2.2, we get that S is a two-sided denominator set
in Pz, . Now we can localize Pz at S. By Corollary 1.5.6, we have that S is
the set of the elements of Pz with nonzero norm. As in proof of Proposition
2.2.3, we can see that any fraction as™ € Pz S~ is an element of Pg. Take

now q € Pp. Then q = %p, for some p € Pz and n € Z*. Obviously, since n € Z*,

then n € S. Thus finally Pz S™! = Pq. Similarly, S~'Pz , = Pqg. QED
Imitating Propositions 2.2.3 and 2.2.7 we can give this general result.
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Proposition 2.2.8. Let R be a commutative ring and let Q(R) be its total

ring of fractions. Then

Q(Pr) =Por).-

Proof. By hypothesis, every non zero-divisor of R has an inverse in Q(R).
Moreover it is possible to build the split quaternion algebra Pgp,) over the
total ring of fractions of R.

Call S =R(Pg), the set of the regular elements of Pg. We already know
that S is a multiplicative subset of Py, see 2.1.2. Since S does not contain
zero-divisors, for S being a right denominator set is equivalent to being right
permutable. For seeing this, take q € Pg and s € S. We must show that
qS nsPr # @. Since s is a regular element, by Proposition 1.5.5, N(s) is
regular in R. Moreover N(s) is regular in Pg. In fact, if there is an a € P,
such that N(s)a = 0, then N(N(s)a) = N(N(s)) N(a) = N(s)2N(a) = 0 which
implies that N(s) is a zero-divisor in R. This contradicts our assumption,
then N(s) € Sn R. Recall now that R ¢ Z(Pg), by Corollary 1.4.8. Finally
using the equality a N(s) = s(Sa), we get that S is right permutable and so a
right denominator set. Similarly S is a left denominator set. It makes sense
then to build PrS™! and S~'Pr. We show now that PrS~t = Pg(ry. Take
q € Pr and s € S. We must show that gs™' € Pg(g). Since N(s) is invertible

in Q(R), by Proposition 1.5.2 we have that s € U(Pgr)) and s7! = N%S)E.

So qs~! = @qé € Po(ry. Let us show the reverse inclusion: Pg(g)y € PrS™1.

Take an element q € Pg(r). Then
q=a187" +agsyti+asss'j+ass;'k,

for some a; € R and s; € R(R). By the condition (i) of the Definition 2.1.20

we infer that it is possible to take a common denominator s € S for the
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coefficients a;s;' of q. Thus we can write q = ps™, where p €e P and s € S.

This means that q € PrS™!. Then PrS™! = Pg(p). Similarly S™'Pg = Pg(p).

Thus, the total ring of fractions of Pg is defined: we have

A(Pr) =Po(r)

and our proof is now complete. QED
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Chapter 3

Integer-valued polynomials over

Pz

We recall that if D is a commutative domain with field of quotients K, the

set of integer-valued polynomials over D is defined as
Int(D)={ f(z)e K[z] | f(a)e D,YaeD}.

In a commutative setting it is easy to show that Int(D) is a ring. This
simply follows from the fact that polynomial evaluation at an element a € D
is a ring homomorphism: D[x] - D, f(z) ~ f(a).

This property is not true in general if we take a polynomial with coeffi-
cients in a noncommutative ring. In Pz[x] consider, for example, the polyno-
mials f(z) =x—1iand g(z) = x - j. Their product is fg(z) =22-(i+ j)z+ k.
Although f(i)g(i) =0, we have that fg(i) = 2k # 0. In general, it can be
easily shown that the polynomial evaluation at an element a € R is a ring
homomorphism if and only if @ is contained in the center Z(R) of R. In this

chapter, after showing that Int(IPz) is a ring, we will analyze its multiplicative
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ideal structure with a special attention to its spectrum.

3.1 The ring Int(Pz)

We first give this general definition.

Definition 3.1.1. Let R be a commutative ring with total ring of quotients

Q(R). We define the set of integer-valued polynomials over R to be:
Int(R) ={ f(z) e Q(R)[z] | f(a) e R, VqeR}.

In Chapter 2.2 we showed that the total ring of fractions of P coincides

with Pg. Then we can give our main definition in this Chapter.

Definition 3.1.2. We define the set of integer-valued polynomials over Py

to be:

t(Pz) = { f(x) e Pola] [ f(a) € Pz, VaePs}.

In [22, chapter 3] Werner shows that the analogous set Int(Hy) is a ring.

His proof can be extended to more general rings as follows.

Theorem 3.1.3. Let Rc S be a ring extension. Let uy, us, ..., u, be units

of R. If every element a € R can be written as a = Syuy + Sous + -+ + SpUy,, for

some s; € Z(S), then Intg(R) ={ f(x) e S[z]| f(R) € R} is a ring.
Proof. See [23, Theorem 1.2] or [8, Theorem 2.1].

Corollary 3.1.4. Let R be a commutative ring. Then the set Int(Pg) is a

ring. In particular, Int(Pz) is a ring.
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Proof. Tt is a consequence of Theorem 3.1.3. In fact Py is a four-dimensional
R-algebra generated by the units 1, i, j, k over R and R is contained in the
center of Pg. QED

We spend here few words on an interesting open problem we dealt with
in our researches. Given any noncommutative ring extension A ¢ B, define

the set

Intp(A) = { f(z) e Blz] | f(A)c A},

of the polynomials of B[x] that are integer-valued over A. The most impor-
tant open problem remains to establish if Intg(A) is closed under multipli-
cation and if it is hence a ring.

In literature there are only partial results about this topic that invest
matrix rings, quaternion algebras and split-quaternion algebras, after this
thesis. The most general result known is by Werner (see [23, Theorem 1.2]).
It assures that if every element of A is finitely generated by units over the
center of B, then Intz(A) is aring. Thus, if it is not given such a unit basis for
A, we can not prove in general that Intg(A) is closed under multiplication.
For instance, let A be the generalized quaternion algebra (%), for some
o, € Z (see Definition 1.1.1). If o # £1 (or 5 # 1) then i (respectively
j) is not invertible. Then we can not use Theorem 3.1.3 for proving that,

a,pB

taken where B = (@), Intp(A) is a ring. Another ring extension we tried

to approach is Pz(u) € Pg, where Pz(u) is the algebra generated by Py
and p = w € Pg. The elements of Pz(p) turn out to be the Z-linear
combinations of 1, 1i, j, k and u. Since p is not invertible, (it is in fact a

zero-divisor) we can not use Theorem 3.1.3. New techniques are needed for

establishing if Int Pz(u) is a ring.
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We give now a short description of some of the elements of Int(Pz). Cer-
tainly, we have Pz[z] ¢ Int(Pz), but there are other polynomials in Int(PPz).
In general, given a polynomial f € Pg[z], we may write f(x) = g(x)/n for
some g € Pz[x] and some integer n > 0. Then, f € Int(Pz) if and only if
g(q) € nPz for all q € Pz. Equivalently, f € Int(Pz) if and only if g sends
each element of the finite ring %Z to 0 in %Z. Using these equivalences, one
may produce many polynomials in Int(Pz) \ Pz[x]. For example, it is easy
to verify that w € Int(Pz). Moreover, it is known ([3, Thm. 3])
that the polynomial (2P — 2)(2? - ) kills each matrix in My(F,). Thus, by
Proposition 1.6.10 and Theorem 1.3.1, W € Int(Pz), for each odd

prime p.

In what follows we illustrate some general properties of the ring of poly-
nomials with coefficients over a split quaternion algebra. We will use these

results later in studying the ideals of Int(Pz).

Definition 3.1.5. Let R be a ring. We define a split quaternion with coeffi-
cients in R[x] as an expression of the form F' = fo(x)+f1(x) i+ fo(x) j+f3(2) k,
where the f;(x)’s are in R[z]. We will indicate their collection with the ob-

vious symbol Pg(,.

Here a useful result follows. It is intuitive but requires a quite technical

proof.

Theorem 3.1.6. Let R be a commutative ring. Then

]P)R[QT] ~ ]P)R[m]
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Proof. Let us consider the map W : Pg[2] — Pg(,) such that for all f(x) €
Prlz], f(z) =Y o(a, +b.i+ ¢, j+d. k)a", then

U(f(x)) < zn: a,x" + i bya”i+ Zn: ca”j+ Zn: d,x" k.
r=0 r=0 r=0 r=0

For instance, take the polynomial f(x)=1-j+(1-2i+ j+ k)z+(2j-i)z3 €
Pzlz]. Then U(f(z))=(1+z)+ (-2x-23)i+(-1+z+223)j+ (z)k.

Let us prove now that given f(x) and g(z) in Pg[x], then U(f(z)+g(z)) =
U(f(x))+¥(g(x)) and W(f(x)g(x)) = ¥ (f(2))¥(9(x)).

For simplicity, when we sum two polynomials, we consider them as if they
have the same degree, adjoining zero coefficients where necessary. As regards

the additivity of ¥, defined n’ = max { m, n }, we have:

U(f(x)+g(x)) =
:\Il((i;)(ar+bTi+ch+di)xT)+(2(@’5+b;i+c;j+d;k)xs))

!

=0 (Z ((ar+a.)+ (b +b.) i+ (c,+c.)j+(d,+d.) k)xr)
r=0
=>(ar+al)z" + Y (b +b)a"i+ Y (e, + )" j+ > (d, +d.)z"k
r=0 r=0 r=0 r=0

= (Zarx7"+ ZbTITi+ Zcrxrj + Zdrx”k)Jr
r=0 r=0 r=0 r=0
+ (Za;x" +> b i+ Yy datj+ Y dla” k)
r=0 r=0 r=0 r=0

=U(f(x))+¥(g(z)).
Obviously, by induction, it can be proved that ¥ behaves well with finite
sums.

We now deal with the multiplicativity of ¥. We will follow some steps

depending on the number of terms in the polynomials we multiply. First

of all observe that U essentially fixes monomials of the form f(z) = aux™,
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where a € R and u is one of the unit generators 1, i, j, k. In fact we have
U(aux") = ax"™u. Now take g(x) = a’vx®, with o’ € R and v € {1, i, j, k}.
Then V(f(x)g(x)) = ¥(aux" - d'vxs) = W(aa'uvz™*) = aa’x"™Suv, since
uv is one of the generator units (modulo the sign). On the other hand
U(f(z)¥(g(x)) = ax™u - a'z%v = ad’z"5uv = U(f(x)g(x)) (with the same

sign for uv as above).

Let us now suppose that g(x) = (a’+V' i+’ j+d' k)x*, for some o/, V', ', d" €
R. Then ¥(f(x)g(x)) = ¥(auz" - (a' +V'i+ 'j+ d'k)z®) = aa’z"5u +
ab'z" s ui+ac x"u j+ad 7 u k, here we used additivity of W. If we calculate

U(f(x))¥(g(x)), we simply obtain the same result.

Take now a generic polynomial g(z). Then, using again that W is additive
over g(x), we get the thesis. Simmetrically, if we increase the number of terms
of f(x) as we did with g(z) above, we finally get that ¥ behaves well with

the multiplication too and that it is a ring homomorphism.

It remains to prove that W is bijective. Surjectivity of ¥ is obvious, but
we must settle some details. Take F' € Prp,y, F = Y19 aur® + X bt i+
Y2t j+ Y dyrt k. Let n = max { ng, n1, na, ng }. Then define f(x) =
Yro(a, + b1+ ¢ j+d.k)z" where we suppose to take the value zero for
ar, by, ¢, and d,’s when n >ny, for 0 <1< 3. It is clear that W(f(z)) = F. As
regards the injectivity, we prove that ker(¥) is trivial. Suppose W(f(z)) =0,
for a polynomial f(z) = ¥ (a, + b,i+ ¢, j+d,k)z". Then ¥, a.x" +
Yoo brxT i+ Y " jH Yo drx” k = 0. This implies that Yy a,2" = ¥ b.a” =
Yoo GrxT = Yoy d.x” = 0 which is obviously equivalent to say that all a,’s,
b.’s, ¢,’s and d,’s are zero for all . Then f(x) itself is zero. Then VU is an

isomorphism and Pg[z] ~ P[], as we wanted. QED
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In what follows we will use this definition.

Definition 3.1.7. Let R be a commutative ring. Take a polynomial f(z) =
Yo d,x" € Pr[x]. We define the bar conjugate of f(x) to be the polynomial
f(z) € ¥, q,.a", obtained by taking the bar conjugate of all coefficients of

f(x). Moreover we define the norm and the trace of f(z) to be respectively

N(f(2)) = f(2) f(z) and T(f(2)) = f(x) + f(2).

As for split quaternions, the bar conjugation of polynomials is an anti-

automorphism of the ring Pr[z]. We list some properties:

Proposition 3.1.8. Let R be a commutative ring. Let f(x) and g(x) be two

polynomials of Prlx]. Then:
(i) T(x) = f(2);
(i) F(2) +g(x) = F(2) +3(x);
(iii) F(2)g(x) = () F(x);
(iv) f(x)+F(x) € Rlx];
(v) f(2)f(x) € R[z);
(vi) Z(Prlx]) = Z(Pr)[x].

Proof. By the isomorphism stated in Theorem 3.1.6, the points (i)-(v) can
be proved exactly as for split quaternions with coefficients in a commutative

ring. Point (vi) is easy to show. QED

Corollary 3.1.9. Let R be a commutative ring. Then the isomorphism of

Theorem 3.1.6 behaves well with the bar conjugation. In particular if f(x) =
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fo(x)+ fi(x)i+ fo(x)j+ f3(x) k e Pr[z], then
[(@) = folx) = fi(2)i- fa(2)j - fs(2) Kk,

T(f(z)) =2fo(2)
and

N(f(2)) = f5(z) - f2(2) - f3(z) - f5(2).
Proof. 1t can be easily seen by direct calculation. QED

Lemma 3.1.10. Let f(x), h(z) € Qz], f(z) # 0 and g(x) € Polx]. If
f(x) = h(x)g(x), then g(x) € Q[z]. Similarly, if f(z) = g(x)h(x), then
g9(x) € Q[x].

Proof. By the equality f(x) = h(z)g(x), we get f(x) = g(x)h(x). Since by
hypothesis, f(x) and h(z) have central coefficients, then f(x) = g(z)h(z).
Thus g(z)h(z) = g(z)h(x) and (g(z) - g(x))h(z) = 0. Since the coefficients
of h(z) are in Q, then h(x) itself can not be a zero-divisor. So g(z) = g(x)
that is to say, g(z) € Q[z]. QED

The following result is a generalization of Euclid’s lemma. We will use it

later for classifying the prime ideals of Int(PPz) above (0) (cf. Section 3.4.1).

Proposition 3.1.11. Let f(z) € Q[z] and g(x) € Pg[x]. Let M(x) € Q[x] be
an irreducible polynomial. Suppose that M (x) | f(x)g(x) and M(z) | f(z),
then M(z) | g(z) in Pg[x].

Proof. By Theorem 3.1.6, we can write g(x) = go(x) + g1(z)i+ go(x)j +
gs3(x) k, for some g.(x) € Q[z], uniquely determined. By hypothesis, we
can write f(z)g(z) = M(z)q(x), for some g(x) € Po[z]. Applying the bar
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conjugation, we get f(x)g(x) = M(x)g(x), since f(x) and M (z) have central
coefficients. Thus f(z) (g(z) +g(x)) = M(x) (¢(x) +q(x)). Since the last
equality involves polynomials with rational coefficients, we must have that
M(x) | (g(x) +g(z)) = 2g0(z), that is to say M(x) | go(z). Take now the
polynomial ig(z) = —g1(z) + go(z)i- g3(x)j + go(x) k. Arguing as above
with ig(z) instead of g(z) we obtain that M (z) | gi1(z). Multiplying g(z)
with j and k in the same way we get respectively that M(z) | g2(z) and
M(z) | gs(z). Finally M(z) | g(z) in Pg[x]. QED

3.2 Some ideals of Int(Hz)

Given a commutative domain D, an ideal .# of D and an element a € D, it

is defined
Pra = { f(2) eInt(D) | f(a) e S }.

It is easy to see that ., , is an ideal of Int(D) and if & is a prime ideal
of D, then Py , is a prime ideal of Int(D). The proof of this is based on
the fact that the polynomial evaluation at a € D, call it ®, : Int(D) - D,
®,(f(x)) = f(a), is a ring homomorphism with kernel P ,. As we already
remarked, in a noncommutative setting, ®, may not be an homomorphism
of rings.

In [22], Werner gives the following definition.
Definition 3.2.1. Let .# be an ideal of Hyz and « € H;. Then
f’B,ﬁ,a = { f(l') € Int(HZ) | f(ﬁ) € ju Vﬁ € COHZ(a) }

Since the group U(Hz) is a finite set, only a finite number of tests are

needed to check whether a polynomial of Int(Hyz) is an element of B ,.
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In this section we briefly recall some results by Werner about the B, ,-like
sets. In particular we will see that it is not in general an ideal of Int(Hy) (if
a€Z or & =nMy, for some n € Z, it is easy to see that B.s , is an ideal).
We recall that the prime spectrum of Hy is (formally) similar to that
of Pz. The prime ideals are (0), pHyz for all odd prime integers p and the
non-principal ideal (1+ i, 1+ j) that contains 2Hy. These ideals, except (0),

are also maximal ideals.

Proposition 3.2.2. [22, Theorem 4.5] Let n € Z, .# = nHy and o € Hy.
Then B .y o is an ideal of Int(Hz). Moreover if n 0, then If;}t(y—HZ) is a finite

ring.
When # = (0), which is prime in Hyz, we have:

Proposition 3.2.3. [22, Proposition 4.6] For all o € Hiz, the ideal B0y, o s

a prime ideal of Int(Hyz).

When we work with a prime ideal of H generated by an odd prime integer

and a central element a, we simply get:

Proposition 3.2.4. [22, Theorem 4.12] Let & = pHly, for an odd prime

integer p. Then for all a € Z the set By o is a mazimal ideal of Int(Hy).

Instead, when we work with the prime ideal &2 = pHyz as above and with

a non-central quaternion o we have:

Proposition 3.2.5. [22, Theorem 4.12] Let & = pHy, for an odd prime in-
teger p. Let a € Hz and let my(z) be its minimal polynomial (as in Definition

1.4.16). Then
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(1) Bo.o is a mazimal ideal of Int(Hy) if and only if my(x) is irreducible

modulo p.

(ii) If ma(2) is quadratic and reducible modulo p and x — A is a factor of

me () modulo p, then M = (P, o, x-A) is a mazimal ideal of Int(Hy).

In the following we will deal with prime ideals in Int(Pz) generalizing to

Pz many results that hold for Hy.

3.3 A localization theorem

We aim now to prove for Int(IPz) a result similar to Proposition 3.2.5 for Hy.
We will start by some preliminary statements. In his thesis Werner showed
that the ring of integer-valued polynomials over Hy behaves well when we
localize with respect to a multiplicative subset S ¢ Z, see [21, Theorem 3.3.2].
The keys of the proof are essentially the centrality of the elements of S and
the noetherianity of Hy. These hypothesis are also true for P;. Then we can

state:

Proposition 3.3.1. Let S be a multiplicative closed subset of Z. Then
Int(]Pz)S_l = Int(IP’ZS‘l).

Proof. Our proof is an adaptation of [4, Theorem 1.2.3], with modifications
done to account for the noncommutative rings. Both sets (they are subsets
of Pg[z]) considered in the equality are well-defined. As regards Int(IPz)S-t,
the closure under addition follows by taking a common denominator. The
multiplicative closure can be proved since the set S=! is central in Pg. As

regards Int(PzS-1), it is a ring by Theorem 3.1.3.
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Let now f € Int(Pz)S~1, and let 2 € PzS~!, where s € S and q € Pz. We
use induction on n = deg(f) to show that f(?) e PzS~!. There is nothing to
prove if n = 0, so assume that n > 0 and that every polynomial in Int(Pz)S~!
of degree less than n is an element of Int(PzS-t). Let g(z) = s"f(x) -
f(szx). Since s € Z is central in Pg, f(sz) is a polynomial in Int(Pz)S1,
so g € Int(Pz)S~!. Furthermore, deg(g) < n, so g € Int(PzS~!). Note that
f(q) €PzS™t, s0 smf(2) = g(2) + f(q) e PzS~L. But, s is a unit in PzS"!, so
we get f(2) ePzS-L. Hence, f €Int(PzS™1) and Int(Pz)S~t ¢ Int(PzS1).

To prove that Int(PzS~1) ¢ Int(Pz)S~!, let h(z) € Int(PzS~!), let M be
the right Pz-module generated by the coefficients of h(x), and let M’ be
the right Pz-module generated by {h(q)}qep,. Then, Pz is noetherian (as
a right module over itself) and M is finitely generated, so M is noetherian
as a right Pz-module. Since M’ ¢ M, M’ is also finitely generated. Let
P1, Doy« - P € PzS™1 be generators for M’ as a right Pz-module.

By finding a common denominator, we see that there exists u € S such
that up,; € Pz for each i. Then, uM’ = M'u ¢ Pz, which gives uh(z) € Int(Pz).
Thus, h(z) € Int(Pz)S~! and Int(PzS!) ¢ Int(Pz)S!. QED

Similarly it is proven that
871 Int(Pz) = IHt(Sil]Pz).

This easily follows since S is central. In particular the previous proposition

holds when S =7~ pZ or S =7Z*.
Corollary 3.3.2. If we take S =Z ~ pZ, we have

Int(Pz)S™ = Int (Pz,,))
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and for S =7Z*, we have
Int(Pz)S™! = Int(Pg) = Po[z].
Proof. Tt follows by Propositions 2.2.5, 2.2.4 and 3.3.1 QED

Moreover, if we take a polynomial g(z) € Int(Pz, ) then, by taking a
common denominator, g(z) = @, for some f(x) € Int(Pz) and n € Z~\ pZ (it

is enough to take a common denominator between the coefficients of g(x)).

Proposition 3.3.3. Let p be a prime integer. Then

f(x)

n

It (P2) ) = Int(Py, ) :{ ‘f(x) ¢ Int(P,), neZ\pZ}.

Proof. From Propositions 2.2.5 and 3.3.1. QED

Analogously, when Z is an ideal of Int(Pz) such that ZnZ = pZ, we can

define the localization of Z at p as the set
Tt déf{M ‘ f(z)eT, neZ\pZ}.
n
It turns out that Z,) is an ideal of Int (Pz(m)-

Theorem 3.3.4. Let p be a prime integer and I an ideal of Int(Pz) such

that Tn7Z = pZ. Then
Int(Pz) N Int (]PZ(p))

1 L(p)

Proof. We prove this in the same way as in the commutative case. Let

7 Int(Py) — w be the quotient homomorphism associated to Z. Define
. Int (P T _

a function IT : Int(Pz, ) — # by H(%) =n7tn(f(x)). Here, f(x) €

Int(Pz) and n € Z~pZ, using the representation as in Proposition 3.3.3. Since

p is contained in Z, we can use a Bézout identity to show that n is invertible
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in the quotient ring %. Then II is a well defined ring homomorphism with

kernel Z,). To see this, take two polynomials @, % € Int(Pz,,). Then
(L2 4 22) = (mn)t (w(mf (2) + ng(x)) = n'x(f () + m 7 (g(x)) =
I1 (@) + 11 (%) As regards the multiplication, we have: II (f(x) : Lﬂ?) =

n

(mn)™ (x(f(2)g(x)) = n7w(f(2)) - mim(g(x)) = T(L2) 10(£2) . Let
us now calculate ker(IT). Take f(z) € Z,). Then f(z) = 22 for some
g(z) €T and n € Z~ pZ. So I (f(x)) = n'x(g(z)) = 0, since 7(g(z)) = 0.
[9) ¢ Int(Pz,,) such that II(Z2) = 0. Then n-'n(f(z)) = 0, so

Let now -
f(z) eker(w). Thus f(z) €Z and @ € I(). Moreover II is surjective since
7 is. The isomorphism contained in the thesis, follows applying the theorem

of isomorphism to II. QED

3.4 Some ideals of Int(Py)

The obvious way to extend the ideals P~ 4 to Pz is to consider sets used
in [4] of the form {f € Int(Pz) | f(q) € £}, where q € Pz and .# is an ideal
of Pz. Unfortunately, this set may fail to be an ideal if q ¢ Z. For example,
if ¢ =1iand .# = (0), then the polynomial z — i is in the above set, but the
polynomial (z - i)(z - j) = 22 - (i+ j)z + k is not, since evaluation at i
yields 2k. However, we obtain an effective definition by expanding the set
of elements that must be mapped into .#.

Let .# be an ideal of Pz and q € P;. If we define the set P, 4 as the

analogue in Definition 3.2.1 for Hy:

PBsq={f(z) ent(Pz) | f(p) €S, VpeCop,(a) },

we are not able in general to prove that it is an ideal of Int(IPz) for any q € Py
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(if q is central then B,  is an ideal).

More precisely, in our setting, in order to prove that 9, , is an ideal,
we need to deal not only with multiplicative conjugates of q (Cop,(q)), but
more generally with some of the split quaternions that have the same mini-
mal polynomial of q, as it is clear from the proof of Proposition 3.4.13 and
Theorem 3.4.40. We will call them the algebraic conjugates of q.

We give the following definitions.

Definition 3.4.1. Let q = a+bi+cj+dk € P;. We define the algebraic

conjugacy class of q to be the set
C(q)={axbixcjxdk}.

It is easy to see that C(a) = { a }, for all a € Z. Moreover, given q ¢ Z and
taken any p € C(q), then mq(z) = my(x) (according to Definition 1.4.16 of

minimal polynomial).

Definition 3.4.2. Let q € Pz and let .# be an ideal of P;. We define the set

PBorq = { f(z) elnt(Pz) | f(p) e S, VpeC(q) }.

When .7 = (0), we let
sBO,q = mﬂ,q

and when . = nlPz, for an integer n € Z, we let

def
(/Bnyq :e m’ﬁzq'

Now we analyze some properties of the subsets P, o of Int(Pz) defined
above in Definition 3.4.2 and compare them with their analogous in Hy (Sec-

tion 3.2).
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In Section 1.6 we saw that the prime ideals of Pz are (0), the ideals
pPz, for odd prime integers p, and the nonprincipal ideal .Z = (1+ i, 1 + j)
above 2P;. Among these, the maximal ones are the ideals pPz, for odd prime
integers p and .

We will see that .+  is an ideal when .# = nPz, for some n € Z, and
q € Pz (cf. 3.4.3). Moreover the residue ring % is finite (see Propositions
3.4.4 and 3.4.9). Lastly we show that P , is a prime ideal of Int(IPz), for
each prime ideal & of Pz and a € Z (cf. 3.4.11).

In the next result we consider the sets B 4 where .# is generated by a

central element and show that these are ideals.
Proposition 3.4.3. Let n€Z and q € Py. Then B,  is an ideal of Int(Pyz).
Proof. The proof is similar to [22, theorem 6.2.3]. QED

In general, we are not able to prove Proposition 3.4.3 when . is any ideal
of Pz. For the case of the unique non principal prime ideal of Py, % = .,
we will need to slightly correct Definition 3.4.2.

In Proposition 3.2.2 it is stated that the quotient ring of Int(Hyz) over
B o is a finite ring. We are able to prove the same result for Int(Pz) (conf.
Propositions 3.4.4 and 3.4.9).

If the split quaternion q is an integer, then the result is immediate and

we can give a complete description of its elements.

Proposition 3.4.4. Let n € Z, n # 0, and q € Z. Then the residue ring

Int(Pz) ~ ]:P)

Toe 7.,- In particular it is a finite ring.

Proof. Let us consider the evaluation map at q, ¢4 : Int(Pz) - Pz, f(z) ~

f(q) and the reduction modulo n, I : Pz - Pz, q » q (mod. n). Since
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q € Z, ¢q is a ring homomorphism. Then it is straightforward to see that

ITo ¢, is a surjective ring homomorphism. Its kernel is the set

ker(Ilo ) = { f(x) e Int(B2) | f(a) =0 (mod. n)}.

Since q is a central element, this set is exactly the ideal 3, . Thesis follows

by the ring homomorphism theorem. QED

If q € Pz \ Z, we need the following lemmas.

Lemma 3.4.5. Let q € Py~Z. Then there exists q, € C(q) such that q—q; #0

and q —q, € 2Py.

Proof. Assume that q = a+bi+cj+dk. Since q ¢ Z, one among b, ¢, d is
nonzero. Simply take ¢; to be either a —bi+cj+dk, a+bi-cj+dk or
a+bi+cj-dk. QED
Lemma 3.4.6. Let q=a+bi+cj+dk e Pz\Z and let mq(x) be its minimal
polynomial. Take f(z) € Int(Pz) and let vz + o, for some ay, ag € Pg, be
the remainder of the division of f(z) by mq(x). Then 2bay, 2caq and 2day

belong to Py.

Proof. First of all we notice that every element of mq(z)Pg[x] (and of
Po[z]mq(z)) vanishes at q. Since q ¢ Z, at least one of b, ¢ and d is nonzero.
To avoid trivial cases, suppose that b # 0. Take q; =a—-bi—-cj—dk. Then
f(q)-f(qy) = 2bay i € Pz. The conclusion follows since i is a unit of Pz, thus
2bay € Py as well. Similarly if ¢# 0 or d # 0. QED

Lemma 3.4.7. Let neZ, n# 0, and q € Pz ~N7Z. For each f(z) € Int(Py)

define the map
f7:C(q) — Pz,
p+— f(p) (mod. n)
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Let f(z), g(x) € Int(Pz). Then f(z) = g(x) (mod. B, ) if and only if
f* — g*'

Proof.

fr=9"< f(p)=g"(p), for all peC(q)
< [f(p) = g(p) (mod. n), for all p € C(q)
<= n | (f(p)-g(p)), for all peC(q)
= f(2)-g(x) € P,q-

QED

The following result is obvious when the polynomial involved is an ele-
ment of Pz[x]. The significance of the result is that it also holds when the

polynomial is in Int(Pz) \ Pz[x].

Lemma 3.4.8. LetneZ, n+0 and let & =nlPyz. Let q=a+bi+cj+dk € Py,
with b # 0 (equivalently for ¢ # 0 or d # 0). Take f(x) € Int(Pz). Assume

that q;, ds € C(q) and q; = qy (mod. 20n). Then f*(q;) = f*(qy).

Proof. Write q; = q + 2bnvy, for some v € Pz. Let mq(z) be the minimal
polynomial of q and let f(x) = oy + o (mod. my(x)), for some ay, ap € Py

as in Lemma 3.4.6. Then:
f(ay) = aaqy +ag
= ay(qq + 2bn7y) + g
= a1qy + ap + 2bnagy
= f(qy) + 2bnayy.

This leads us to the conclusion that f*(q;) = f*(qy). QED
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Proposition 3.4.9. LetneZ, n+0, and q € Pz \7Z. Then the residue ring

Int(Pz)

T 18 finite.

Proof. Let q = a+bi+cj+ dk and take b # 0 (similarly for cases ¢ # 0
and d # 0). Let A be a set of residue representatives for C(q) modulo 2bn.
Then A ¢ Py, is finite. Now, for each q; € C(q), there exists q, € A
such that q; = qy (mod. 2bn). By Lemma 3.4.8, for any f(z) € Int(Pz),
f(ay) = f*(ay). So the values of f* are determined entirely by the values
f* takes on the finite set A. Thus the number of all possible f* maps is
bounded above by [Pz, |4 < (2bn)4(2b")4. By the correspondence between

f* maps and residues in % (Lemma 3.4.7), we see that the residue ring

is also finite. QED

Proposition 3.4.10. Letne€Z, n # 0, & =nlPyz and q € Pz. If P, q s a

prime ideal of Int(Pz), then & is a prime ideal of Pz.

Proof. Given the definition of B, 4, the statement can be proved exactly

as [22, Theorem 4.5]. QED

The following result is useful for classifying the ideals P ,, where & is

a prime ideal of Pz and a is an integer.

Proposition 3.4.11. Let & be a prime ideal of Pz. Then for all a € Z the

set By o is a prime ideal of Int(Pz).

Proof. Having a € Z implies that (fg)(a) = f(a)g(a), for all f(zx),g(z) €

Po[z]. The result now follows easily. QED
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3.4.1 Primes of Int(Pz) above (0)

In this section we give a full description of the prime ideals of Int(PPz) above
(0), see Theorem 3.4.22.

We start with this interesting fact.

Proposition 3.4.12. Let q € Py. If mq(x) € Z[x] is a reducible polynomial,

then P 4 is not a prime ideal of Int(Pz).

Proof. The case q € Z gives an irreducible polynomial of degree one. So let
q ¢ Z and mq(z) = (x — A)(z — B). Then by the centrality of x — A we have
that (z — A) Int(Pz)(x - B) = Int(Pz) - mq(x) € Poq. But (x - A) ¢ Py nor
(2~ B) ¢ Poq. QED

It is worth spending few words on the previous result. In fact it does
not have an analogue for Hy because the minimal polynomial of an integer
quaternion is always irreducible over QQ, as we pointed out after Definition
1.4.16. Moreover, in [22] Werner found that for all a € Hyz, B¢y, is a prime
ideal of Int(Hyz) (see Proposition 3.2.3 we recalled).

We begin with the following general description of Py 4.

Theorem 3.4.13. With the above notation, given q € Py, we have that
PBo,q = mq(x) - Po[z] nInt(Pyz).

Proof. 1t is clear that polynomials of mq(z)-Pg[x] vanish at all p’s in C(q).

So if we select in this set elements from Int(IPz) obviously we get elements

of S130’(1.

For the converse we initially observe that Int(Pz)-mq(z) € Bo 4. This fact

joined to the previous part does not ensure that 3 , is a principal ideal in
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Int(Pz). Let us now take f(x) € Bo . By definition f(z) € Int(Pz). Suppose
that dividing f(x) by mq(z) we obtain f(z) = q(z)mq(z) + r(z), for some
q(x), r(x) e Polz]. If q € Z, then my(z) is a linear polynomial and r(z) =
p € Pz. Then evaluating f(x) at q we get p = 0 and f(z) € mqy(x)Pg[z].
If mq(x) is of degree two, suppose that r(x) = yo +J, where v, § € Pg. If
q=a+bi+cj+dk, one of b, ¢ and d is nonzero. Let us consider the case
b + 0; the other cases are similar. For all p € C(q) we have that yp +J =0,
and in particular o = 4q+6 =0 and 8= y(a+bi-cj-dk) +6 = 0. It follows
that 6 —«a =2byi=0. Since i is invertible and 2b is a nonzero integer, we

have v = 0, and consequently ¢ = 0. This ends our proof. QED

In Theorem 3.4.19 below, we show that the converse of Theorem 3.4.12

also holds; in other words, By 4 is prime if and only if mq(x) is irreducible.

Corollary 3.4.14. Let qy, qy € Pz with the same minimal polynomial, call
it m(zx). Then

“]307011 = mO,qz'

Proof. By Proposition 3.4.13 we know that B 4, = m(x) - Po[z] nInt(Pz) =
Bo, q,- QED

In light of Proposition 3.4.13, we give the following definition.
Definition 3.4.15. Let M (z) € Z[x]. We define
B = M(z) Pg[z] nInt(Pz).

The following property of ‘B, is the same as in the commutative case
(cf. [4]).
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Theorem 3.4.16. Let M (x) € Z[x]. Then the set
PBri(z) = M () - Pgla] nInt(Pz)

is an ideal of Int(Pz). Moreover, if M(x) is an irreducible polynomial over

Q, then Pz s a prime ideal.

Proof. Since M (x) is a central polynomial, it is easy to see that P,y is an
ideal of Int(Pz). To prove that it is prime, take f(x) and g(x) in Int(Pz)
such that f(x)Int(Pz)g(x) € Parz)- We must have that f(x) € P or
9(x) € Py If M(x) | g(x) we do not have anything to prove. Suppose
that M (z) [ g(x), we will show that necessarily, M (z) | f(x). For conve-
nience write f(x) = fo(x) + fi(z)i+ fo(x)j+ f3(x) k. Since by assumption
f(2) Int(Pz)g(x) S Parer), then M(x) divides the product f(x)r(x)g(z),
for all () € Int(Pz). In particular M (z) divides the polynomials f(x)g(z),
—-if(z)ig(x), jf(z)jg(z), kf(x)kg(x) in Pg[x]. Thus M(z) divides their
sum [f(x) - if(z)i+ jf(z)j+ kf(z)k]g(z). After Lemma 1.6.5, we state
that the polynomial contained in the square brakets is 4fy(x) and that
M(x) | fo(x)g(x). Now applying the Euclid’s Lemma 3.1.11, we have that
M(z) | fo(z). We obtain that M (x) | fi(«), working with the polynomial
f(z)ireplacing f(x). In fact (f(x)1i)Int(Pz)g(z) € PBarcr) and the polyno-
mial f(z)ihas fi(x) as real part. In the same we obtain that M (z) | fo(z)
and that M(z) | f3(x), working on f(z)j and f(z)k respectively. Finally
M(x) | f(z), as we wanted. QED

Proposition 3.4.17. Let M(x) and N(x) be two nonassociate irreducible

polynomials of Q[z]. Then
PBrrz) " Bn(e) = Br)N@)-
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Proof. Let f(x) € Brr)"Pn(z)- Then f(x) e Int(Pz), f(x) = M(x)g(x) and
f(x) = N(z)h(x), for some g(z),h(zx) € Pg[z]. Since M (x) is an irreducible
polynomials, by Euclid’s Lemma 3.1.11, M () | h(z) in Pg[z]. Then f(x) €

Br(z)N(). The other inclusion is somewhat trivial. QED

Proposition 3.4.18. Let M(x) and N(x) be two polynomials of Q[z] such
that M(x) | N(x). Then

PBne) € Pur)-

Moreover we have the equality if and only if M (x) and N(x) are associates

over Q.

Proof. This statement is an immediate consequence of the divisibility prop-

erties. QED
We are ready for the first main result of this section.

Theorem 3.4.19. Let q € P and let mq(z) € Z[x] be its minimal polynomial.
Then By, is a prime ideal of Int(Pyz) if and only if mq(x) is an irreducible

polynomial.

Proof. If q € Z then we use Proposition 3.4.11. Moreover m(z) is a linear
polynomial with integer coefficients. Otherwise, by Proposition 3.4.13, we
have that Bo,q = Pomy@). I mq(x) is irreducible, the thesis follows applying
Theorem 3.4.16. If not, we are in the case of Proposition 3.4.12. QED

Notice that the previous proposition has an analogue for quaternions
(see [21, Proposition 6.2.5]). However, the proof is completely different. In
fact Werner uses the fact that Hg is a skew field. Because of the existence

of zero-divisors in Pg, we could not use this argument.
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Proposition 3.4.20. Let q € Py such that my(x) = (v - A)(x - B), for some
A+ BelZ. Then

‘Bo,q = SBo,A ms130,13-

Proof. By Proposition 3.4.13 we know that Bo, q = Bnyz)s Fo,4 = Pr-a and
Bo, B = P,-p. Thus the thesis is equivalent to B, () = Po-a N Pe-p. This is
true thanks to Proposition 3.4.17. QED

By Theorem 3.4.16, each Py (y), for an irreducible M (z) € Z[x] is a prime
ideal of Int(Pz) above 0. In fact, every prime of Int(Pz) above 0 has this

form.

Proposition 3.4.21. Let P be a prime ideal of Int(Pz) above 0. Then,
B = Par(a) for some irreducible M (x) € Z[x].

Proof. By Propositions 3.3.1 and 3.3.4, localizing P8 at (0) yields a prime
of Int(Pz) (o) = Int(Pg) = Pglx]. Since Pg =~ M»(Q), Py is isomorphic to a
prime ideal of My(Q)[x] ~ M2(Q[x]). The prime ideals of My(Q[x]), like
Q[z], are generated by irreducible polynomials. Thus, By = M(x) - Pg[x]
for some irreducible M(z) € Q[z], and by clearing denominators we may
assume that M (z) € Z[x]. Contracting B, back to Int(Pz), we obtain P =
M(z)-Pg[z] nInt(Pz). QED

Combining our previous results, we obtain the following.

Theorem 3.4.22. The prime ideals of Int(Pz) above (0) are precisely those
of the form PBar(zy with M(x) € Z[x] irreducible.

Proof. From Propositions 3.4.16 and 3.4.21. QED
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3.4.2 Primes of Int(Pz) above odd primes p

Throughout this section we suppose that p is an odd prime integer and we
attempt to describe the primes of Int(IPz) over pPz. In this case we do not get
so complete results as for the uppers to (0); nevertheless we obtain several
interesting theorems (see Theorems 3.4.40 and 3.4.33).

We will call the following technical results reduction lemmas.

Lemma 3.4.23 (First reduction Lemma). Let q € Py and A € Z. Then
PBop.q €SBy, a if and only if By, q—a S Pp, 4-a, for all a € Z.

Proof. Let be given the inclusion B, , € B, 4. Take a polynomial f(z) €

By, q-a, We want to show that f(x) € B, a_,. We remark that

C(q-a)=C(q) -a.

This means that for all q; € C(q - a) there exists a q, € C(q) such that

d; = qy — @, as an easy calculation can prove. Define the polynomial g(z) '

f(x—a). Then for all pe C(q), g(p) = f(p—a) € pPz. So g(x) € Py q S By, 4

Finally, f(A-a) = g(A) € pPz, as wanted. The reverse implication follows
by taking a = 0. QED

It is true somewhat similar for multiplication.

Lemma 3.4.24 (Second reduction Lemma). Let q € Py and Ae Z. IfB, 4 <
PBp,a then By nq S Pp,na, for all n e Z.

Proof. We are going to repeat previous proof, excepted some necessary small
modifications. Let be given the inclusion 3, 4 € B, 4. Take a polynomial

f(x) € By ng, we want to show that f(z) € P, ,a. We remark that

C(nq) =nC(q).
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This means that for all ¢, € C(nq) there exists a ¢, € C(q) such that q; = nqs,
as an easy calculation can prove. Define the polynomial g(z) = f(nz). Then

for all p € C(q), g(p) = f(np) € pPz. So g(x) € Py.q € Py, 4. Finally,
f(nA) =g(A) € pPz, as wanted. QED

Here follows a preliminary result about the ideals °B,,  for some particular

qépz.

Proposition 3.4.25. Let q=bi+cj+dk e Pz, q # 0 and ged(b,c,d) = 1.
Suppose that (x — A) | mq(x), for some AeZ. Then

s:Bp,q gfﬂpp,A-

Proof. Let f €, . Suppose that dividing f(x) by my(z) we obtain f(z) =
g(x)mqy(x)+yz+9, for some g(x) and yx+4 in Pg[z]. Our thesis is equivalent
to YA+ 9§ € pPz. Since —q € C(q), then —yq + ¢ and yq + 0 are both element
of pIPz. So 20 € plPz. In particular for all r € Pz we have that 720 = 2rd € plPz,
that is to say 2Pz0 ¢ plPz. By the primality of plP; we get § € pPz. We also
know that v(zbi+cj+dk) + ¢ € pPz so taking wisely sign combinations we
get that 2vb, 2vc, 2vd € pPz. By our hypothesis we can write \b+ puc+vd =1,
for some A, p, v € Z. So 27 = A\2vb + u2yc + v2~vyd € plPz. As for § we conclude
that v € pPy. QED

Immediately we have:

Corollary 3.4.26. Let q=bi+cj+dk ePyz, with q+0 and ged(b,c,d) =1.
Let my(z) = (z - A)(z - B). Then

Bp,a € Bp,a Py, 5.
Proof. 1t follows by Proposition 3.4.25. QED
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We want now to apply Proposition 3.4.25 to all integer split quaternions.
This is immediately done, if we notice that to every split quaternion we can

associate to a primitive integer split quaternion with zero real part.
Definition 3.4.27. Let be given q = a+bi+cj+dk € Pz. Call g = ged(b, ¢, d).
We define the reduced split quaternion associated to q, the split quaternion
1
red
q"“"=—(q-a).
g

It is easy to see that given q € Pz, then "¢ is a primitive integer split
quaternion with zero real part. We say that q is reduced if "¢ = q.

It is necessary to relate mq(z) with mgea(x).

Proposition 3.4.28 (Third reduction Lemma). Let be given q = a + bi+
cj+dkePy and let g be the reduced split quaternion associated to q. Let
g =ged(b, ¢, d).

(i) mq(x) is the square of a linear polynomial if and only if myrea(x) is.
(ii) mq(x) is reducible if and only if myrea(x) is.
(iii) If (x = A) | mq(x) then (v —A’) | mqrea(x), where A=a+ gA’.

Proof. 1t is easy to calculate that the discriminant of mq(z) is A = -4(b? -
c? — d?) and the discriminant of mrea(x) is A’ = —;%(62 - % - d?). Since
A =g?A’, (i), (ii) and (iii) follows immediately. QED

Thanks to the reduction lemmas, it is possible to extend Proposition

3.4.25 and Corollary 3.4.26 to the general case.

Proposition 3.4.29. Let q e Py \Z. Let (x — A) | mq(x), for some A€ Z.
Then

mp,q QSBP:A'
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Proof. Let q=a+bi+cj+dk, g =ged(b, ¢, d) and let q"*? be the reduced
of q. Thanks to third reduction lemma , we know that (z — A’) | mqrea(),
where A = a+ gA’. By Proposition 3.4.25, we have that B, rea € B 4. By
the second reduction lemma we have that %, jrea € B, g4 and finally, by

the first reduction lemma, B, 1 gqrea € Bp arga. The last inclusion is our

thesis. QED

It immediately follows this fact.

Corollary 3.4.30. Let qePy. Let my(z) = (x - A)(x - B). Then

mnq S mp,A mmp,B'

Proof. By Proposition 3.4.29. QED

We ask now when the containment stated in Corollary 3.4.30 is an equal-

ity.

Proposition 3.4.31. Let q € P;. Let mqy(x) = (z — A)(z - B), for some
A, B e€Z such that A# B (mod. p). Then

PBp,q 2 Byp, 4 0By, -

Proof. Take f(z) € B, a4 NP, 5. Suppose that dividing f(x) by mq(z) we
obtain f(z) = mq(z)g(z)+yz+d, for some g(x), yr+0 € Pg[x]. By hypothesis
Av+9 € pPy and By+6 € pPy. Thus A(By+6)-B(Ay+0) =(A-B)d € pPy.
This implies that (A — B)Pz0 € pPz. By the primality of pPz, then 0 € pPz.
Similarly, (A - B)y € pPz says that v € pPz. Finally, for each p € C(q),
f(p) € pPz, as wanted. QED
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Remark 3.4.32. In the previous proposition the hypothesis that A # B
(mod. p) is necessary. Take for instance a (odd) prime p, pPz and q = i+ j+
pk. Then my(z) = (x - p)(z +p) and B, € B, , NP, . Consider now the

integer-valued polynomial f(z) = (22 - p?) + z. It is clear that f(p) € pPy,

f(=p) € pPz but f(q) = q ¢ pPs.

Combining Proposition 3.4.30 and Proposition 3.4.31 we obtain the fol-

lowing fact.

Theorem 3.4.33. Let q€Py. Let my(x) = (x - A)(z - B). Then

mpvq E%A “‘4319,3-

Moreover, if A# B (mod. p) then

(‘Bp,q = (’Bp,A m(‘Bp,B-

Here follows the analogue of Proposition 3.4.12.

Proposition 3.4.34. Let q = a+bi+cj+dk € Pz such that ged(b,c,d) is
prime to p. If mq(x) € Z[x] is reducible modulo p, then B, is not a prime

ideal of Int(Pz).

Proof. We have that q € Pz \ Z. Assume that mq(x) factors modulo p as
mq(x) = (x - A)(z - B) + pf(z), with A,B € Z and f(z) € Z[z]. Then,
(z - A)Int(Pz)(z — B) € B, q. For seeing this take a g(x) € Int(Pz). Then,
for any p € C(q), we have that (p-A)g(p)(p-B) = (p-A)(p - B)g(p) =
mq(p)g(p) — pg(p) € pPz. But, since ged(b, ¢, d) is prime to p, neither x — A

nor x — B moves q into pPy. QED
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Corollary 3.4.35. Let q=a+bi+cj+dk € Py such that ged(b, c,d) is prime
to p. Suppose that mq(z) is reducible in Z[x]. Then P, is not a prime
ideal of Int(Pz).

Proof. If mq(x) factors in Z[x], then it factors modulo p. Thus apply Propo-
sition 3.4.34. QED

We will prove at the end of this section that if m(z) is irreducible, then
By q is a maximal ideal in Int(Pz). For showing this we need some more
results about localization at prime integers. Moreover we will introduce split

quaternions with coefficients over quadratic extensions of Q.

Lemma 3.4.36. Let q=a+0bi+cj+dkePy such that p [ ged(b,c,d). Let
f(z) e Int(Pz, ) and write f(z) = h(z)mq(x) + vz + 6, where h(x),yx +J €
Po[z]. Then v,0€Pz .

Proof. Arguing as in Lemma 3.4.6, we get 2by, 2c¢y, 2dvy € Pz,,. Since 2 is
invertible in Z,), we get by, ¢y, dy € Pz, . Since ged(b, ¢, d) is prime to p,
then vy e Pz and 6 € Py . QED

Proposition 3.4.37. Let p be an odd prime number and q € Pz \7Z such that
mq(x) is irreducible modulo p. Let a be an algebraic integer which is a root

of mq(x). Then the rings Pz [a] and Py 4] are isomorphic.

Proof. Such an a can be found since mqy(z) is irreducible modulo p so it is
irreducible over Q. The isomorphism between the two rings can be proven

as in Theorem 3.1.6. QED

Lemma 3.4.38. Let f(z) € Int(Py,,). Let q € Pz~ Z and let mq(x) be
irreducible modulo p. Let « be an algebraic integer which is a root of my(x).

Then f(Oé) € ]P)Z(p)[a]-
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Proof. With v and ¢ as in Lemma 3.4.36, we obtain that f(«a) = vya+4 €
[P’Z(p)[a]. QED

Remark 3.4.39. Under the hypothesis we worked with until now, since
mq(r) € Z[z] is a quadratic polynomial irreducible modulo p, then F =
%[a] ~ F 2, the finite field with p? elements. Then Pp ~ My (F,2), which is

a simple ring.
We are now ready for our main result.

Theorem 3.4.40. Let q = a+bi+cj+dk e Py such that p | ged(b, ¢, d).
Then

(1) Bp.q is a prime ideal if and only if m,(z) is irreducible modulo p.

(i1) If B, is prime, then it is a mazimal ideal. Moreover % = My(F)2).

Proof. Let 1 be the localization at p of the ideal B, ,. Suppose first that
mq(x) is irreducible modulo p. Let a be a root of mq(x). Define the map
o : Int (IP’Z(p)) - Pz 101 by o(f(2)) = f(a). This map is well-defined by
Lemma 3.4.38 and it is a ring homomorphism since « is central over PZ(p)[a]-
It is surjective. A fraction § € Z,)[a] can be sent in an element of Fj. in
a natural way by taking the reduction modulo p of @ and b'. This can
be done since p | b. Thus it makes sense to consider the homomorphism
TPz 0] = IP’Igp2 given by the reduction modulo p. 7 also is surjective. Then
the map 7 ¥ 700 : Int (Pz(p)) — IP’IFPQ is a surjective ring homomorphism.
Since Py , is a simple ring, then ker(7) is a maximal ideal of Int (IP’Z(p) ). Take

f(z) € ker(7). Then f(a) =y +6 € pPg (], Where 7, 0 are as in Lemma
3.4.36. This happens if and only if 7 and ¢ are in pPz . Thus for each
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p € C(q), we have that f(p) = yp +d € pPz . This means that f(z) € Z.

Since 1 ¢ Z and ker(7) is a maximal ideal, then ker(r) = Z. By the first

Int(]PZ )
isomorphism theorem for 7, we get % ~ IP’FPQ. Moreover, by Theorem

3.3.4 Int(PPz) ~ Int(ﬂ;z(l’))

.D.a, q}]‘q

prime) ideal and proves (ii). If mq(x) is reducible, we are in the hypothesis

~ Py ,. This implies that B, 4 is a maximal (and
of Proposition 3.4.35; then B s 4 is not a prime ideal. QED

3.4.3 Some ideals of Int(IPz) above .Z = (1+ i, 1 + j)

The final case we will consider regards prime ideals of Int(Pz) above .Z =
(1+ 1,1+ j). In this instance, our analysis is quite different, since .# is not
generated by integers. In contrast to what we found with B, 4, the ideals of
Int(Pz) that we will discuss are similar to the prime ideals of Int(D), where
D is a commutative domain. This appears to be because the residue ring

% ~ [, is commutative.

Definition 3.4.41. For each q € Pz, we define

M, = {f € It(Py) | f(q) e},

Interestingly, the difficulty in working with 9, is not in showing that the
set forms a maximal or prime ideal, but in showing that it forms an ideal at

all.

We begin by stating a sufficient condition for this to occur.

Proposition 3.4.42. Let q € Py. Assume that Int(Pz)p € M, for allpe A .
Define ¢ : Int(Pz) — % by o(f) = f(q) modulo A . Then, ¢ is a surjective
homomorphism with kernel My, and %EZ) ~ Fy.  Consequently, My is a

mazximal ideal of Int(Pz).
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Proof. Tt is straightforward to prove that ¢ is additive, surjective, and has
kernel 9Mt,. For multiplicativity, let f,g € Int(Pz). It suffices to show that
(f9)(q) is equivalent mod .Z to f(q)g(q).

Let p=g(q) € Pz. Then (fg)(q) = (fp)(a). If p € 4, then we are done
by assumption. If not, let r = 1+ p e .#. Then, (fr)(q) = f(q) + (fp)(q),
and we see that (fp)(q) € 4 if and only if f(q) € . In this case, ¢(g) =1
and we have ¢(fg) = ¢(f), so we are done in this case as well. QED

Thus, to prove that 9, is a maximal ideal of Int(IPz), it suffices to prove
that Int(PPz)p € M, for each q € Pz and p € .#. We do not have proofs that
work for arbitrary q € Pz, but we can establish the result in certain cases,
depending on the coefficients of q.

We fix some notation concerning generators of .#. Throughout the rest
of this section, let e = 1+1, A\ = 1+ j, Ay =1+ k, A3 =2+i+j, and \s =2+ i+ k.
Observe then that .Z = (,\1) = (g, X2) = (g, A3) = (¢, \4). Furthermore, we
have the following generalization of Lemma 1.6.18. The proof is identical to

that of Lemma 1.6.18.

Proposition 3.4.43. Let q e .# . Then, for each 1 <i <4 there exist p,r € Py,

such that q = pe +1);.

Since Int(IPz) is closed under multiplication on the right by elements
of Pz, to meet the condition needed in Theorem 3.4.42 it suffices to show
that Int(Pz)e and some Int(Pz)\; are in 9%,. As we shall see, this is not
difficult to prove for € because Py is closed under conjugation by . However,
N(\) = N(X\2) =0, so we do not have a corresponding result for \; or A,.
Nevertheless, we can obtain partial results by working instead with A3 and

A4
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Proposition 3.4.44. Let q=a+bi+cj+dkePy. Then,
(i) eqe™t € Py
(it) if b=c (mod. 2), then A3qA3' € Py

(iii) if b=d (mod. 2), then Ayq\;* € Py

Proof. Direct computation shows that

eqet=a+bi-dj+ck
AgAst =a+ (-d+22) i+ (~d+ %) j+ (-b+c+d)k

Mot =a+ (c+ )i+ (b+ce-d)j+(c+ Bk

(If verifying these by hand, it is easiest to first prove them for q € {1, i, j, k}

and then extend linearly over a, b, ¢, d to establish the general result). QED
Proposition 3.4.45. Let q=a+bi+cj+dk € Pz and h(x) € Int(Pz). Then,
(i) he e M,
(11) if b=c (mod. 2), then hAs e M
(1i1) if b=d (mod. 2), then hAy € My,

Proof. By Lemma 3.4.44, eqe™! € Pz, so (he)(q) = h(eqe Ve e #. Ifb=c
(mod. 2), then A3qA;' € Pz, so (hAs)(q) = h(AsqA3')As € 4. Similarly, if
b=d (mod. 2), then (hA;)(q) € A . QED

Applying Propositions 3.4.45 and Theorem 3.4.42 we obtain the following.

Proposition 3.4.46. Let q=a+bi+cj+dk e Py, and assume that either
b=c (mod. 2) or b=d (mod. 2). Then, M, is a mazimal ideal of Int(Pz).
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It remains to consider the case where q=a+bi+cj+dkePyz and b # ¢,
b # d mod 2. This case is more difficult because we were not able to find
an appropriate conjugation relation like those in Lemma 3.4.44. In fact, we
suspect that such a conjugation relation may not exist. Nevertheless, we feel
that 9, will once again be a maximal ideal of Int(Pz); it is just that the

methods used in this paper are not sufficient to prove it.
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Chapter 4

Localization properties of

Il’lt(Pz)

4.1 Localization of integer-valued polynomials

In this chapter we will analyze some localization properties of the ring Int(Pz).
When D is a commutative noetherian domain, Int(D) behaves well with re-
spect to the localization at a multiplicative subset of D. In fact, taken a mul-
tiplicatively closed subset S of D, containing 1 but not 0, then S~'Int(D) =
Int(S-1D), see [4, Theorem 1.2.3].

In his Ph.D. thesis, Werner shows that somewhat similar is true for

quaternion rings. His result states:

Theorem 4.1.1. [22, theorem 3.3.2] Let R be an overring of Hy in Hg and
let S be a multiplicative subset of Z. Then S~'Int(R) = Int(S™'R).

We will see that also for split quaternions the localization at a multiplica-

tive subset commutes with the formation of integer-valued polynomials. In
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what follows we prove a statement true not only for Hg and Py, but more in
general that is true for any right noetherian ring R and a right denominator

set S C R.

Theorem 4.1.2. Let R be a right noetherian ring that admits total ring of
fractions Q(R). Let S be a right denominator set of R without zero-divisors.

Suppose that
Int(R) ={ f(z) e AR)[z] | f(R)S R},
Int(RS™') ={ f(z) e Q(R)[z] | F(RST)c RS}

and Int(R)S~ are rings. Then
Int(R)S™" =Int(RS™).

Proof. Since we are working with noncommutative rings, it is not obvious
that Int(R), Int(RS~!) and Int(R)S-! are rings. For this reason we assume
this property as hypothesis. We first show that Int(R)S-! < Int(RS!). Let
f(z) eInt(R)S-! and let p € RS~!. Then there exist F'(x) € Int(R) and s € S
such that f(z) = F(x)s™'. Furthermore, there exist q € R and s € S such that
p =qs~'. We want to show that f(p) € RS~'. We proceed by induction on
the degree n of f(x). If n =0, f(z) is constant and there is nothing to prove.
Assume now that n >0 and that all polynomials in Int(R)S~! of degree less

than n are elements of Int(RS~!). Define the polynomial

g(x) = f(x)s" - f(as).

Since s € S, f(xs) is a polynomial of Int(R)S~!, so g(x) € Int(R)s™'. More-
over deg(g(x)) < deg(f(x)), thus, by induction, g(x) € Int(RS™'). Now,
f(x)s® = g(x) + f(zs), so f(p)s" = g(p) + f(a) = g(p) + F(q)s" € RS~

Now, being s invertible in the ring RS, we conclude that f(p) e RS-
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For the reverse inclusion, let f(z) =Y, ,q,2" € Int(RS!). Let

M=qR+quR+--+q, R

n

be the right R-module generated by the coefficients of f(z). Since R is
noetherian as a right R-module over itself and M is finitely generated, M
is noetherian as a right R-module (see [14, Proposition 1.21]). Let now N
be the right R-module generated by the set { f(q) | qe R}. Then N ¢
M and M is noetherian, so N is finitely generated as a right R-module
(see [14, Proposition 1.20]). Let py, psy, ---., D,,, be its generators. Since by
hypothesis, f(z) € Int(RS™!), then py, py, ..., P,y € RS As we told in
general in Section 2.1.2, since S is a denominator set, we can find a common
denominator for the p;,’s. So there exists an s € S such that p;s € R, for all
1 <1 <m. In this way we get that ps € R, for all p € N and in particular
f(p)s € R, for all pe R. Then the polynomial f(z)s belongs to Int(R), that
is to say f(x) € Int(R)S~!. This ends our proof. QED

We are not able to prove the left analogous of Theorem 4.1.2. In fact it
is not possible to adapt the entire proof given above. We can just prove only

the first part, thus obtaining the following weaker result.

Proposition 4.1.3. Let R be a left noetherian ring that admits total ring of
fractions Q(R). Let S be a left denominator set of R without zero-divisors.

Suppose that
Int(R) = { f() € QR)[«]| f(R) € R},
t(S7'R) = { f(z) e Q(R)[«] | f(S"'R)cS™'R}
and S~*Int(R) are rings. Then

St Int(R) < Int(S™'R).
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Proof. We must adapt the proof of Theorem 4.1.2. Let f(z) € S~'Int(R)
and let p € ST'R. Then there exist F(x) € Int(R) and s € S such that
f(z) =s1F(x). Furthermore, there exist q € R and s € S such that p = s7q.
We want to show that f(p) € S™'R. We proceed by induction on the degree
nof f(x). Ilf n=0, f(x) is constant and there is nothing to prove. Assume
now that n > 0 and that all polynomials in S~ Int(R) of degree less than n

are elements of Int(S~'R). Define the polynomial

g(x) = s f(x) - f(s2).

Since s € S, f(sz) is a polynomial of S~'Int(R), so g(z) € s~' Int(R). More-
over deg(g(x)) < deg(f(x)), thus, by induction, g(x) € Int(S'R). Now,

5 (x) = g(x) + F(s2), 50 57 (D) = () + /() = g(p) +5- () € S-1R. Now,
being s invertible in the ring S~'R, we conclude that f(p) e STR. QED

We cannot adapt the proof of Theorem 4.1.2 for proving the reverse in-
clusion S~'Int(R) < Int(S~'R), since we fixed the right notation R[z] for
writing the polynomials (i.e. the indeterminate z is written on the right of
the coefficients). This will not be an obstacle for our investigations, since we
will focuse on central denominator sets.

If the denominator set is central we obviously obtain the following result.

Proposition 4.1.4. Let R be a noetherian ring. Suppose that R admits total

ring of fractions Q(R) and suppose that

Int(R) = { f(x) e Q(R)[x]| f(R) € R}

1s a ring. Let S be a central multiplicative subset of R that does not contain

zero-divisors and such that Int(RS™1) is a ring. Then we have the following
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ring equalities:
S Int(R) = Int(S™'R) = Int(RS™) = Int(R)S™.

We immediately apply Theorems 4.1.2, 4.1.3 and 4.1.4 to Int(Pz). We
saw in Chapter 2 that Z* and Z \ pZ, for a prime integer p, are central
denominator sets of P;. Moreover, the set of non zero-divisors R(IPz) and
€ (Q), for a maximal ideal @ of Pz, are denominator sets of Pz. Then we

saw that

Q(Pz) =P,R(Pz) ! =Py(Z") " = Py,

if p is an odd prime integer

Py (Z~ pZ) ™t =P, € (pPy) ! = Pz,
and, for p =2 we have

Pz (Z~22)" =P € (M) =Py,

where .# = (1+ i, 1 + j), the maximal ideal of Pz over 2.

It is easy to prove the following statement.

Proposition 4.1.5. With the above notation and definitions, let S be one of

the denominator sets of Py listed previously.
(1) If S =R(Pz) or S =7*, then
Int(Pz)S™" = Po[z].
(i1) If p is an odd prime integer and S = Z ~ pZ or S =€ (pPz), then
Int(Pz)S™' = Int (Pz,,,).
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(11i) If S=7Z~27 or S =€ (M), then

Int(Pz)S™" = Int (Pz,, ) -

Proof. Tt is an immediate consequence of Theorem 4.1.2. QED

If the denominator set is central, we can also build the left localization
with respect to S. We obtain the following fact as a corollary of Theorem

4.1.4. We proved it directly in Section 3.3.
Proposition 4.1.6. Fiz the above notation and definitions.
(i) If S =7Z*, then

S~ Int(Pz) = Int(Pz)S™t = Po[x].

(i1) If p is a prime integer and S = Z ~ pZ, then

S Int(Pz) = Int(Pz)S™" = Int (Pz,,) ).

Proof. A direct proof is in Proposition 3.3.1. It follows also by Proposition
4.1.4. QED

Let us now analyze some properties of these localization rings.

First of all we prove the following

Proposition 4.1.7. With the above hypothesis and notation, we have that

N Pz, =Pz.

p prime
integer

Proof. The inclusion ‘2’ is obvious since for every prime p, Pz ¢ IF’Z(p). For
the reverse inclusion, take an element q = a + bi+ cj+ dk of the intersection.

Then a, b, ¢, d € N, Z) = Z and so q € Py, QED
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Here we prove the analogous for integer-valued polynomials ring.

Proposition 4.1.8. With the above hypothesis and notation, we have that

Int(Pz) = () Int(Pg,,).

p prime
integer

Proof. For all primes p, let (), be the maximal ideal of Pz above p. We have
that Int(Pz) € (Int(Pz))€'(Qp) " = Int(Pz,, ). QED

The matrix representation (1.5) we introduced in Section 1.3.1 will help
us in studying the spectrum of Int(Pz), passing through a result proved
by S. Frisch about integer-valued polynomials over matrix rings in [9]. We

introduce the following:

Notation 4.1.9. Let D be a commutative domain and let K be its field of

fractions. Then
Intp(Ma(D)) = { f(z) e K[2] | YA e Mu(D): f(A) e Mu(D) }
and
Intp[Ma(D)] = { f(z) e Mu(K)[2] | VA€ My(D): f(A) e Mu(D) }.

Proposition 4.1.10. [9, Theorems 7.2-3] Let D be a commutative domain
and let K be its field of fractions. Then

Intp[M,(D)] = M, (Intp(M,(D))).

Moreover:

(i) The ideals of Intp[M,,(D)] are in 1-1 correspondence with the sets of
the form M, (%), where % is an ideal of Intp(M,,(D)).
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(i1) The prime ideals of Intp[M,,(D)] are in 1 -1 correspondence with the
sets of the form M, (Z?), where & is a prime ideal of Intp(M,,(D)).

(111) The mazimal ideals of Int p[M,,(D)] are in 1-1 correspondence with the
sets of the form M, (M), where A is a mazimal ideal of Int p(M.,,(D)).

Proof. See [9, theorem 7.2] and [9, theorem 7.3]. The remaining part follows
from Proposition K. QED

We need another little of notation. In order to not make confusion in

using the previous result, we will use the following

Notation 4.1.11. We will indicate

Intg (PZ(m) = { f(2) e Q[a] | f(Pz,,) € Pz, }

and

Int]P’Q (Pz(p)) = { f(ZE) € ]P)Q[x] | f(PZ(p)) € PZ(P) } ’

The first one of these two sets is a ring: since it is a subset of Q[x] this
can be seen using the polynomial evaluation. For the second one we can use
Theorem 3.1.3. In particular Intp, (IP’Z(p)) is what we called Int (]P’Z(p)) above,
since Q(IP’Z(p)) = [Py. To avoid confusion we explicit the set of coefficients
using the subscript.

We can state the following;:

Theorem 4.1.12. Let p be an odd prime integer. Then

Inth (]P)Z(p)) ~ MQ (Int@ (]P)Z(p) )) . (41)

Proof. We recall by (1.5) that Pz, ~ Ms(Z,)), for every odd prime integer

p, since 2 is invertible in Z,) . We conclude by Proposition 4.1.10.  QED
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Combining Theorem 4.1.12 and Proposition 4.1.10 we get the following

corollary.

Corollary 4.1.13. With the above hypothesis and notation, fixed an odd
prime integer p, there is a one-to-one order preserving correspondence be-
tween prime ideals of Intpy(Pz) above pZ and prime ideals of Intg(Pz,)

above pZ.

By the previous corollary, the investigation of prime ideals of Intp,(Pz)
containing an odd prime integer p is equivalent to the analogue investigation

in the ring Intg (PZ(p)), which is a commutative subring of Q[x].

4.2 The ideal plntg (P )

Let p be a prime integer. We aim to prove that the ideal pIntg (IP’Z(p)) is not

a prime ideal of Intg (IP’Z(p)). We start with an important isomorphisms.

Proposition 4.2.1. Let p be a prime integer. Let us consider the application

¢ : Pz, = Pz, such that for all q = §+bﬁ,i+§j+%kepz(p), we have

¢(q) =

where the overline means we are taking the residue modulo p. Then ¢ is a

surjective ring homomorphism.

Proof. Given any q € Pz, then the denominators of its coefficients are not

L)

zero modulo p: it makes sense to consider the application ¢. Since Ty
P

(p%)( ) ~ Z,, it is easy to see that ¢ preserves addition and multiplication.
p

Obviously ¢ is surjective. QED
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Proposition 4.2.2. Let p be a prime integer. Then

Pz, N

— ZP .
PPz,

Proof. Consider the ring homomorphism ¢ of Proposition 4.2.1. Take now

: : _ a b s c 3 d a _ b _
a split quaternion q = & + i+ 5j+ 5 € kerp. Then i

!

=Y

=0

Q|ol

U

U

in Z,. This means that p | a,b,c,d and therefore ker ¢ pPz,,. The other
inclusion is straightforward. The thesis follows by the first isomorphism

theorem. QED
Here follows a technical result about ¢ and the polynomial evaluation.

Lemma 4.2.3. Let p be a prime integer. Let f(x) = Y op,at € Zgy[x]
and call f(x) = TiLop(p,)at € Zylx]. Let q € Py, . Then we have that

e(f(a)) = f(p(a))-

Proof. 1t is an immediate consequence of Proposition 4.2.1. QED

Proposition 4.2.4. Let p be a prime integer and let ¢ be as in Proposition
4.2.1. Let f(x) € Z[x] and let f(x) € Z,[x] be the polynomial obtained from
f(x) reducing its coefficients modulo p. Let n > 1 be an integer such that
n=p*m and p | m. Then +f(x) € Intg(Pyz,,) if and only if f(q) € p°Pz,,,
for all q € Py, . In particular if a =1, then %f(:r) € IntQ(IP’Z(p)) if and only

if £(q) =0 in Py, for all q € Pz,.

Proof. Let us prove the first part. Take a split quaternion q € Pz . If
+f(x) e Intg(Py,), then ;- f(q) € Pz, . This means that the numerator of
every coefficient of f(q) must contain the factor p* so that it can be deleted
from the denominator of % Therefore f(q) € p°Py,,,. The reverse implication

is obvious.
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Let us show the second part, where n = pm for some integer m not divisible
by p. Recall that for any q € Pz o(f(q)) = f(¢(q)), using the notation of

Lemma 4.2.3. Take a split quaternion ¢’ € Pz,. Since ¢ is surjective, there

exists a q € Pz such that ¢(q) = q’. Then f(q') = f(¢(a)) = ¢(f(q)) =0,
being f(q) € pPy,, for the first part. Take now q € Pz . Since f(¢(q)) =0,
then ©(f(q)) =0 in Pz,. Then f(q) € kerp = pPy , as wanted.

QED

Lemma 4.2.5. Let R be a commutative domain. Take a split quaternion
q € Pr~R. Let my(x) € R[z] be its minimal polynomial over R. If a
polynomial f(x) € R[x] is such that f(q) =0, then mq(z) | f(x) in R[z].

Proof. Since mq(x) is a monic polynomial, we can divide f(x) by mq(z)
obtaining

f(x) = g(x)mqy(x) +r(x), (4.2)

for some g(z) and r(x) polynomials of R[x]. In particular r(x) = az + b is a
linear polynomial, being mq(z) of degree two. Since R[z] ¢ Z(Pg[z]), we can
evaluate the polynomial relation (4.2) in q. We get: 0= f(q) = g(q)-0+aq+b.

Since R is a domain and q ¢ R, necessarily a = b = 0. QED

The lemma above is not true if the polynomial f(x) € Pg[z] has imaginary
coefficients. For example consider the split quaternion i € P;. Take the
polynomial f(x) =a3+ iz?+ (i+ 1)z + i+ 1. It results that f(i) =0. If we
divide f(x) by z? + 1 we obtain f(x) = (22 + 1)(z + i) + iz + 1, where the

remainder is nonzero.

Corollary 4.2.6. Let p be a prime integer. Let f(z) € Z[x] and let f(x) €

Zp|x] be the polynomial obtained from f(x) reducing its coefficients modulo p.
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Let n > 1 be an integer such thatn = pm and p | m. Then . f(x) € Intg(Pz,,, )

if and only if f(z) is divisible by all the minimal polynomials of the elements

Of ]P)Zp .

Proof. 1t is an immediate consequence of Proposition 4.2.4 and Lemma 4.2.5.

QED
Example 4.2.7. The polynomial
1 2
®y(2) = — (2 - z) (2" - x)
p

in an element of Intg(Pz ). After Proposition 4.2.4, it is sufficient to show
that f(x) = (vP-x)(2?" ) € Z,[x] vanishes over all elements of Pz, . Observe
that every monic and irreducible polynomial of Z,[x] of degree one or two is
a factor of f(x). In particular the linear polynomials are raised to the second
power. This means that the minimal polynomial of every split quaternion of

Pz, is a factor of f(x).

In particular we can show that every monic and quadratic polynomial
of Zy[x] is the minimal polynomial for some element of Pz,. The proof is
mutatis mutandis the same as the proof of [22, lemma 4.2.2]. This means
that the polynomial ®,(x) of the previous example does not contain any

irredundant factor.

Proposition 4.2.8. The following proper inclusions are given:

Z(p) [:L’] G Int@ (]P)Z(p)) ¢ IIlt(Z(p)).

Proof. The first inclusion is straightforward since Z,) ¢ Pz, . For seeing

that it is proper, use the polynomial ®,(z) of the Example 4.2.7. For the
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second inclusion take a polynomial f(z) € Intg (IP’Z(p)). If a € Z), then
f(a) € @ since f(z) € Q[z]. Moreover f(a) € Pz by hypothesis. Finally

fla) e @n Pz, = Zy). A counterexample for the reverse inclusion is the

z(z-1)(z-2)...(x—p+1) .

> For p = 2 we work by hands using

polynomial f(z) =
q = i. For odd primes we use Corollary 4.2.6: pf(x) is not divisible by x2+1,

the minimal polynomial of q = i. QED
We are ready for the most important result of this section.
Proposition 4.2.9. The ideal pIntg (IP’Z(p)) is not a prime ideal of Intg (Pz(p)).

Proof. Let us consider the polynomials:
1 2 2 2
F(z) = =(a" -2)* (2" —z) eQ[z],
p

f(z) = (2% —2)? e Z[x],
1 P 26 T
g(x)=]—j($ ) €Q[x].

We start showing that these three polynomials are elements of IntQ(IP’Z(p)).
For f(z) it is trivially seen since Z[z] ¢ Intg(Pz, ). For F(z) and g(z)
observe that the polynomial ®,(z), introduced in Example 4.2.7, divides
both F(z) and g(x) in Z[x]. Moreover we have that F'(z) € pIntg(Pz,,)
but f(z) ¢ plntg(Pz,,) and g(x) ¢ pIntg(Pz,,). In fact it results that
%F(x) = (@p(x))? € Intg(Pz,,). As regards f(z), using Corollary 4.2.6, we
have that f(z) is not divisible by any quadratic irreducible polynomial over
Z,. Lastly we prove that %g(w} = #(xPQ —x)2 ¢ Intg(Pz ). For p =2, it
is easily seen that 1g(i) = -1 ¢ Pz, If p is odd then we use the split
quaternion q = i+ (p— 1)k. By some trivial calculations, we have that

q? = p? - 2p. Moreover if we raise q to an even power greater than 2, we
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obtain an integer divisible by p?. Since 713 g(x) is a central polynomial, we can

evaluate it in q even if it is factorized. Thus we get, for some m € Z:

1 ) 20 4 2 — 9P’ +1 -9
59(Q)=(q qu) -4 qu 4 =m+p—p ¢Pz,, .

We can conclude that pIntg(Pz, ) is not a prime ideal of Intg(Pz,,). QED

4.3 Some properties of Spec (IntQ (Pz(p)))

Given Q(0) a finite degree extension of Q, we indicate by Ay the ring of
algebraic integers of Q(6). Taken a positive n € N, the set of all algebraic
integers of degree at most n over Q is
A, = U A
[Q(®):Q]<n
In [18] Loper and Werner define the set of integer-valued polynomials over
A,, with rational coefficients to be the set:

Int(A,) % () Intg(Ay).

A,

They also show that Int(.4,) can be seen as the set of all polynomials with
rational coefficients that map A,, into A,,.

Here follow some important properties of this ring.

Proposition 4.3.1. [18, Theorem 3.9] For all positive integer n, the ring

Intg(A,) is a Prifer domain.

Proposition 4.3.2. [18, Theorem 4.6] For all positive integer n, the integral
closure of the ring Intg(M,(Z)) is Intg(A,).
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Since by Theorem 1.3.1 split quaternions can be embedded into 2 x 2
matrices rings, we will focuse in the following on the set A,.

We have the following result that join the ring Intg(A2) with the set
Intg (P, )-

Theorem 4.3.3. Let p be a prime odd integer. Then Intg(Az)(, is the

integral closure of Intg (Pz(p)) in Q[z].

Proof. Using 4.3.2 for n = 2 and recalling that the localization at prime

integers preserves the integral closure, we have that:

Intg(A2) () = Intg(M2(Z)) ) = Intg(M2(Z)) ;) =

= Intg(Ms(Z) ) = Intg (M2(Zy))) = Intg (Pz, )-
QED

Now, from the spectrum of the ring Intg(.Az)(,) we can obtain interesting
information on the spectrum of m (using the well-known theorems
of going-up, going-down and lying over). From Theorem 4.1.12 it is possible
to transfer results about Spec (IntQ (]P’Z(p))) to Spec (Inth (]P’Z(p))).

From now on we suppose that p is an odd prime integer. Call for simplicity
B = Intg(Az) (). We will first calculate the Krull dimension of Int(Pz,, )

starting from the fact that
dim (Intg (Pz,,,)) = dim(B),

since B is the integral closure of the ring Intg (IP’Z(P)).
We use the notion of valuative dimension. For further references see [10,
Chapter 30] about dimension theory. We recall that the valuative dimension

of an integral commutative domain D is defined as
dim, (D) =sup{ dim(V) | V is a valuation overring of D }.
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If D is a Priifer domain, then dim(D) = dim, (D). Moreover if A< D is a
ring extension with the same quotient field, then dim,(D) < dim,(A).

In [18] it is shown that Intg(Az) is a Priifer ring. It follows that B is also
Priifer (as being a localization of a Priifer domain) and so dim(B) = dim,(B).

Since Z[x] ¢ B, then
1 < dim,(B) < dim,(Z[z]) =2

and

1 < dim (Intg (Pz,,))) <2.

We can explicitly describe a chain of prime ideals of length 2 in Intg (]P’Z(p) ),
so showing that dim (IntQ (IF’Z(p))) = 2.

Take in fact an integer split quaternion q =a+bi+cj+dk € Py such that
p | ged(b, ¢,d) and the minimal polynomial of q mq(x) € Z[z] is irreducible
modulo p. Then the ideal 9, , is a prime ideal of Int(IPz). Since mq(x)
is irreducible modulo p, then it is also irreducible in Q[z]. Thus the ideal
PBo.q is a prime ideal too. Finally, it is obvious that By 4 S P, 4. This
inclusion between prime ideals is preserved when localizing at Z \ pZ, thus
dim(Intg(Pz,)) = 2. This fact, together with the correspondence given by
Corollary 4.1.13, establishes that the height of a prime ideal of Intp,(Pz)
containing p is at most 2. In the following, we will show something more.
Exactly we will see that such ideals are always maximal and so there are no
containment relations between primes of Intp, (IPz) containing an odd prime
integer p. This replicates the same pattern of Spec(Int(Z)) ( [4, Proposition
V.2.7]).

We start from an investigation on Spec(B) and then we will transfer these

results to Intp, (Pz).
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Theorem 4.3.4. With the above hypothesis and notation, fixed an odd prime

integer p, the prime ideals of B above p are all maximal.

Proof. Let @ be a prime ideal of B such that @ nZ = (p). Then, by [17,
Corollary 3.3], there exist a valuation overring V' of B and a prime ideal P
of V.nQ[z] such that

Bg = (VnQ[z])p.
Moreover the domain V' is minimal over B in the sense of [17, Theorem 2.8
and Notation 2.9] and it is a limit since B is a Priifer domain ( [17, Theorem
4.2]).

Since () contains p, the same holds for the ideal P. Then By = (VnQ[z])p
is a valuation overring of V' nQ[z] containing p as nonunit. It follows that it
is exactly V, since all the other valuation overrings of V nQ[x] are overrings
of Q[x] in which p is invertible.

We claim that @ is maximal. If not, there exists @' € Spec(B) with
Q ¢ Q'. Then p € Q' and applying again the results of [17] used for @, we get
that By = (V/'nQ[x])pr = V', where V' is a minimal, limit valuation overring
of B containing p as nonunit. But Bgr ¢ Bg, thus V’ ¢ V. The only possible
valuation overring of a limit domain is an overring of Q[x] by [17, §1].

Thus we get a contradiction when assuming that () is nonmaximal. QED

Corollary 4.3.5. The prime ideals of Intp,(Pz) above an odd prime integer

p are all maximal.

Proof. From Theorem 4.3.4 we have that the prime ideals of B above an odd
prime integer p are all maximal and this property transfers to Intg(Pz, )
for the going up theorem between a domain and its integral closure. At this

point it is sufficient to apply Corollary 4.1.13. QED
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As regards the prime and maximal ideals of Int(IPz) that contains the
prime p = 2 so far we do not have results as for the case p odd prime. We
have seen some examples of such ideals but we are not able to completely
classify them. For working with odd prime integers we used the matrix
representation which turned out to be useless in the case p = 2. Our studies
show that the properties of Int(Pz) are similar to the ones of Int(Z): we also

conjecture that dim(Int(Pz)) = 2.
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